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THE SLICE SPECTRAL SEQUENCE FOR THE C 4 ANALOG OF 

REAL A-THEORY 

MICHAEL A. HILL, MICHAEL J. HOPKINS, AND DOUGLAS C. RAVENEL 


Abstract. We describe the slice spectral sequence of a 32-periodic ^-spectrum 
K[ 2 ] related to the C 4 norm 

M[/ ((C 4 )) = n^MU r 

of the real cobordism spectrum M[/r. We will give it as a SS of Mackey 
functors converging to the graded Mackey functor complete with dif¬ 

ferentials and exotic extensions in the Mackey functor structure. 

The slice spectral sequence for the 8 -periodic real K-theory spectrum Kr 
was first analyzed by Dugger. The Cs analog of K^\ is 256-periodic and 
detects the Kervaire invariant classes 0j . A partial analysis of its slice spectral 
sequence led to the solution to the Kervaire invariant problem, namely the 
theorem that Qj does not exist for j > 7. 
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1. Introduction 

In |HHRa| we derived the main theorem about the Kervaire invariant elements 
from some properties of a G 8 -equivariant spectrum we called Q constructed as fol¬ 
lows. We started with the G 2 -spectrum MUr, meaning the usual complex cobor- 
dism spectrum MU equipped with a C 2 action defined in terms of complex conju¬ 
gation. 

Then we defined a functor N^j 8 , the norm of lllllla §2.2.3] which we abbrevi¬ 
ate here by iVf, from the category of G 2 -spectra to that of G 8 -spectra. Roughly 
speaking, given a G 2 -spectrum X , iV|A' is underlain by the fourfold smash power 
X A4 where a generator 7 of Cs acts by cyclically permuting the four factors, each of 
which is invariant under the given action of the subgroup G 2 . In a similar way one 
can define a functor from H-spectra to G-spectra for any finite groups HUG. 

A Gg-spectrum such as N^MUr, which is a commutative ring spectrum, has 
equivariant homotopy groups indexed by i?0(Gg), the orthogonal representation 
ring for the group Cs- One element of the latter is p 8 , the regular representation. 
In [HHRal §9] we defined a certain element D £ 7 ri 9 P 8 7 V| MUr and then formed the 
associated mapping telescope, which we denoted by Hq- The symbol O was chosen 
to suggest a connection with the octonions, but there really is none apart from the 
fact that the octonions are 8 -dinrensional like p 8 . 

fio is also a G 8 -equivariant commutative ring spectrum. We then proved that it 
is equivariantly equivalent to E 256 f2o; we call this result the Periodicity Theorem. 
Then our spectrum f l is fig 8 , the fixed point spectrum of Ho¬ 
lt is possible to do this with G 8 replaced by G 2 >i for any n. The dimension of the 
periodicity is then 2 1+n+2 " . For example it is 32 for the group G 4 and 2 13 for Gi 6 . 

We chose the group G 8 because it is the smallest that suits our purposes, namely 
it is the smallest one yielding a fixed point spectrum that detects the Kervaire 
invariant elements 0j. 

We know almost nothing about 7 r*H, only that it is periodic with periodic 256, 
that 7t_ 2 = 0 (the Gap Theorem of jHHRa . §8]), and that when 9j exists its image 
in 7 r*H is nontrivial (the Detection Theorem of j HHRa , §11]). 

We also know, although we did not say so in [H11 Hal , that more explicit compu¬ 
tations would be much easier if we cut N^MUr down to size in the following way. 
Its underlying homotopy, meaning that of the spectrum Mt/ A4 , is known classically 
to be a polynomial algbera over the integers with four generators (cyclically per¬ 
muted up to sign by the group action) in every positive even dimension. This can be 
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proved with methods described by Adams in [?]. For the cyclic group C 2 " one has 
2 n ~ 1 generators in each positive even degree. Specific generators rij £ t^hMU 1 ' 1 " 
for i > 0 and 0 < j < n_1 are defined in Ii TTllal §5.4.2]. 

There is a way to kill all the generators above dimension 2k that was described 
in tHHRal §2.4]. Roughly speaking, let A be a wedge of suspensions of the sphere 
spectrum, one for each monomial in the generators one wants to kill. One can define 
a multiplication and group action on A corresponding to the ones in 7r* MU Ai . 
Then one has a map A —> MU A4 whose restriction to each summand represents 
the corresponding monomial, and a map A — > S° (where the target is the sphere 
spectrum, not the space S°) sending each positive dimensional summand to a point. 
This leads to two maps 

S' 0 A A A MU m =tS° A MU m 

whose coequalizer we denote by S° A MU A4 . Its homotopy is the quotient of 

7 r*Mf/ A4 obtained by killing the polynomial generators above diimension 2k. The 
construction is equivariant, meaning that S° A MU m underlies a Cs-spectrum. 

In ( HHRal §7] we showed that for k = 0 the spectrum we get is the integer 
Eilenberg-Mac Lane spectrum HZ; we called this result the Reduction Theorem. 
In the nonequivariant case this is obvious. We are in effect attaching cells to 
MU A4 to kill all of its homotopy groups in positive dimensions, which amounts to 
constructing the Oth Postnikov section. In the equivariant case the proof is more 
delicate. 

Now consider the case k = 1, meaning that we are killing the polynomial gen¬ 
erators above dimension 2. Classically we know that doing this to MU (without 
the ^-action) produces the connective complex AT-theory spectrum, some times 
denoted by k, bu or (2-locally) BP( 1). Inverting the Bott element via a mapping 
telescope gives us K itself, which is of course 2-periodic. In the C 2 -equivariant case 
one gets the “real K -theory” spectrum ATr first studied by Atiyah in [Ati66l . It 
turns out to be 8-periodic and its fixed point spectrum is KO, which is also referred 
to in other contexts as real A'-theory. 

The spectrum we get by killing the generators above dimension 2 in the 
(78-spectrum N^MUr will be denoted analogously by k[ 3 ]. We can invert the image 
of D by forming a mapping telescope, which we will denote by ATra. More generally 
we denote by fc[ n ] the spectrum obtained from N c 2 2 MUr by killing all generators 
above dimension 2. In particular k m = kR. Then we denote the mapping telescope 
(after defining a suitable D) by Aq„] and its fixed point set by KO[ n ]. 

For n > 3, ATO[„] also has a Periodicity, Gap and Detection Theorem, so it could 
be used to prove the Kervaire invariant theorem. 

Thus A'p] is a substitute for fio with much smaller and therefore more tractable 
homotopy groups. A detailed study of them might shed some light on the fate of 
9q in the 126-stem, the one hypothetical Kervaire invariant element whose status is 
still open. If we could show that n^KO^; = 0, that would mean that 9 e does not 
exist. 

The computation of the equivariant homotopy 7r„A"[ 3 ] at this time is daunting. 
The purpose of this paper is to do a similar computation for the group C 4 as a 
warmup exercise. In the process of describing it we will develope some techniques 
that are likley to be needed in the Cg, case. We start with N^MUr, kill its poly¬ 
nomial generators (of which there are two in every positive even dimension) above 
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Figure 1. The 2008 poster. The first and third quadrants show 
E^G/G) of the slice SS for Ky 2 ] with the elements of Prop. 


excluded. The second quadrant indicates cfes as in Figures [9 and 


13.4 


10 


The fourth quadrant indicates comparable dj,s in the third 

and 


quadrant of the slice SS as in Figures 


11 


12 


dimension 2 as described previously, and then invert a certain element in 7 r 4 p 4 . We 
denote the resulting spectrum by A'[ 2 ], see 7.3 below. This spectrum is known to 


be 32-periodic. In an earlier draft of this paper it was denoted by Ah- 

The computational tool for finding these homotopy groups is the slice spectral 
sequence introduced in jHHRal §4]. Indeed we do not know of any other way to 
do it. For A'r it was first analyzed by Dugger |Dug05| and his work is described 
below in ||8j In this paper we will study the slice spectral sequence of Mackey 
functors associated with AW. We will rely extensively on the results, methods and 
terminology of [HHRaj . 

We warn the reader that the computation for ATp] is more intricate than the one 
for ATr. For example, the slice spectral sequence for A'r, which is shown in Figure 
[7J involves five different Mackey functors for the group C 2 . We abbreviate them 
with certain symbols indicated in Table |T| The one for A'p], partly shown in Figure 
|T7j| involves over twenty Mackey functors for the group C 4 , with symbols indicated 
in Table [H 

Part of this SS is also illustrated in an unpublished poster produced in late 2008 
and shown in Figure [T| It shows the SS converging to the homotopy of the fixed 
point spectrum K?J. The corresponding SS of Mackey functors converges to the 
graded Mackey functor tt *Apj. 
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In both illustrations some patterns of d 3 S and families of elements in low filtration 
are excluded to avoid clutter. In the poster, representative examples of these are 
shown in the second and fourth quadrants, the SS itself being concentrated in the 
first and third quadrants. In this paper those patterns are spelled out in {12 and 
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We now outline the rest of the paper. Briefly, the next five sections introduce 
various tools we need. Our objects of study, the spectra k [ 2 ] and Kp] j are formally 
introduced in 0 Dugger’s computation for /\r is recalled in Ij 8 ] The final six 
sections describe the computation for fcr 2 i and K [ 2 ]. 

In more detail, ^collects some notions from equivariant stable homotopy theory 
with an emphasis on Mackey functors. Definition |2 . 7| introduces new notation that 
we will ocasionally need. 

f|3] concerns the equivariant analog of the homology of a point namely, the 
I?0(G)-graded homotoy of the integer Eilenberg-Mac Lane spectrum HZ. In par¬ 
ticular Lemma 3.6 describes some relations among certain elements in it including 
the “gold relation” between ay and zty. 

Ij4] describes some general properties of spectral sequences of Mackey functors. 
These include Theorem l4.4l about the relation between differential and exotic exten¬ 
sions in the Mackey functor structure and Theorem |4.7| on the norm of a differential. 

fj5] fists some concise symbols for various specific Mackey functors for the groups 
C 2 and C 4 that we will need. Such functors can be spelled out explicitly by means 
of Lewis diagrams (5.1), which we usually abbreviate by symbols shown in Tables 
|T]and [ 2 ] 

In Sj 6 ] we study some chain complexes of Mackey functors that arise as cellular 
chain complexes for G-CW complexes of the form S l . 

In 0we formally define (in 7.3) the G 4 -spectra of interest in this paper, fc[ 2 ] and 

K[2]- 

In ([ 8 ] we describe the slice SS for an easier case, the G 2 -spectrum for real K- 
tlieory, Hr. This is due to Dugger |Dug05| and serves as a warmup exercise for us. 
It turns out that everything in the SS is formally determined by the structure of 
its £( 2 -term and Bott periodicity. 

In (|9j we introduce various elements in the homotopy groups of fc[ 2 ] and Ky 2 y 
They are collected in Table [3j which spans several pages. In jfTo| we determine the 
I? 2 -term of the slice SS for k[ 2 ] and K[ 2 ]. 

In (11 we use the Slice Differentials Theorem of || HHRal to determine some 
differentials in our SS. 

In (12 we examine the G 4 -spectrum fc[ 2 ] as a G 2 -spectrum. This leads to a 
calculation only slightly more complicated than Dugger’s. It gives a way to remove 
a lot of clutter from the G 4 calculation. 

In (13 we determine the E 4 -term of our SS. It is far smaller than E 2 and the 
results of (|T2| enable us to ignore most of it. What is left is small enough to be 
shown legibly in the SS charts of Figures[l4]and[T6] They illustrate integrally graded 
(as opposed to i? 0 (G 4 )-graded) spectral sequences of Mackey functors, which are 
discussed in (J5] In order to read these charts one needs to refer to Table [2] which 
defines the “heiroglyphic” symbols we use for the specific Mackey functors that we 
neede. 
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We finish the calculation in p4|by dealing with the remaining differentials and 
exotic Mackey functor extensions. It turns out that they are all formal consequences 
of C 2 differentials of the previous section along with the results of fj4| 

The result is a complete description of the integrally graded portion of n *fc[ 2 ]. It 
is best seen in the SS charts of Figures 14 and [16| Unfortunately we do not have 
a clean description, much less an effective way to display the full AO(G 4 )-graded 
homotopy groups. 

For G = C 2 , the two irreducible orthogonal representations are the trivial one 
of degree 1, denoted by the symbol 1, and the sign representation denoted by er. 
Thus RO(G) is additvley a free abelain group of rank 2, and the SS of interest 
is trigraded. In the I?0(G2)-graded homotopy of A'r, a certain element of degree 
1 + er (the degree of the regular representation p 2 ) is invertible. This means that 
each component of 71 ^ A'r is canonically isomorphic to a Mackey functor indexed by 
an ordinary integer. See Theorem |8.6| for a more precise statement. Thus the full 
(trigraded)AO(C 2 )-graded slice SS is determined by bigraded one shown in Figure 

El 


For G = C 4 , the representation ring RO(G) is additively a free abelian group 
of rank 3, so it leads to a quadrigraded SS. The three irreducible representations 
are the trivial and sign representations 1 and a (each having degree one) and a 
degree two representation A given by a rotation of the plane R 2 of order 4. The 
regular representation ^4 is isomorphic to 1 + a + A. As in the case of A'r, there is 
an invertible element (see Table |3j) in il+K[ 2 \ of degree / 04 . This means we can 
reduce the quadigraded slice SS to a trigraded one, but finding a full description of 
it is a problem for the future. 


2. Recollections about equivariant stable homotopy theory 

We first discuss some structure on the equivariant homotopy groups of a 
G-spectrum X. We will assume throughout that G is a finite cyclic p-group. This 
means that its subgroups are well ordered by inclusion and each is uniquely deter¬ 
mined by its order. The results of this section hold for any prime p , but the rest 
of the paper concerns only the case p = 2. We will define several maps indexed by 
pairs of subgroups of G. We will often replace these indices by the orders of the 
subgroups, sometimes denoting \H\ by h. 

The homotopy groups can be defined in terms of finite G-sets T Let 

tt^Y(T) = [T + ,X) g , 

be the set of homotopy classes of equivariant maps from T+, the suspension spec¬ 
trum of the union of T with a disjoint base point, to the spectrum X. We will often 
omit G from the notation when it is clear from the context. For an orthogonal 
representation V of G, we define 

n v X(T) = [S v A T + ,Xf. 

As an AO(G)-graded contravariant abelian group valued functor of T, this converts 
disjoint unions to direct sums. This means it is determined by its values on the 
sets G/H for subgroups H C G. 

Since G is abelian, H is normal and n v X(G/H) is a Z[G/H\ -module. 
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Given subgroups K C H C G, one has pinch and fold maps between the H- 
spectra H/H + and H/K + . This leads to a diagram 


H/H+ 


pinch 


fold 


: H/K+ 


( 2 . 1 ) 


g+a(.) 


pinch 

G/H+ =G+ A H/H+ < G+ A H/K+ 


H 


fold 


H 


■ G+ A K/K+ = G/K+. 


Note that while the fold map is induced by a map of H- sets, the pinch map is not. 
It only exists in the stable category. 

Definition 2.2. The Mackey functor structure maps in 7 LyX. The fixed 
point transfer and restriction maps 


n v X(G/H) - 7T V X(G/K) 

res K 


are the ones induced by the composite maps in the bottom row of (2.1). 


These satisfy the formal properties needed to make n v X into a Mackey functor; 
see [HHRal Def. 3.1]. They are usually referred to simply as the transfer and 
restriction maps. We use the words “fixed point” to distinguish them from another 
similar pair of maps specified below in Definition [2TTTJ 

We remind the reader that a Mackey functor M_ for a finite group G assigns an 
abelian group M(T) to every finite G-set T. It converts disjoint unions to direct 
sums. It is therefore determined by its values on orbits, meaning G-sets for the form 
G/H for various subgroups H of G. For subgroups K C H C G, one has a map of 
G-sets G/K —► G/H. In categorical language M_ is actually a pair of functors, one 
covariant and one contravariant, both behaving the same way on objects. Hence 
we get maps both ways between M(G/K) and M(G/H). For the Mackey functor 
7 r v X, these are the two maps of |2.2| 

One can generalize the definition of a Mackey functor by replacing the target 
category of abelian groups by one’s favorite abelian category, such as that of R- 
modules over graded abelian groups. 


Definition 2.3. A graded Green functor R* for a group G is a Mackey functor 
for G with values in the category of graded abelian groups such that R^iG/H) is 
a graded commutative ring for each subgroup H and for each pair of subgroups 
I\ C H C G, the restriction map res^ is a ring homomorphism and the transfer 
map tr K satisfies the Frobenius relation 

tr^(res^(a)b) = a(tr^(b)) for a £ R^G/H) and b G RRG/K). 


When X is a ring spectrum, we have the fixed point Frobenius relation 

(2.4) tr^(res^(a)b) = a(tr^(b)) for a £ n^X^G/H) and b £ tt*X(G/K). 
In particular this means that 

(2.5) a(tr%(b))= 0 


when reSft(a) = 0. 
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For a representation V of G, the group 

Z$X(G/H) =n$X= [S V ,X] H 

is isomorphic to 

[S°, S~ v A X) H = tto(S~ v A X) H . 

However fixed points do not respect smash products, so we cannot equate this group 
with 

MS~ yH a X H ) = [S yH , X H ] = n lvHl X H = zf VH \X{G/H). 

Conversely a G-equivariant map S v —> X represents an element in 
[S v ,X] g = tt g X = k g X(G/G). 

The following notion is useful. 


Definition 2.6. Mackey functor induction and restriction. For s subgroup 
H of G and an H-Mackey functor M, the induced G-Mackey functor M. given 
by 

t G h M(T) = 

for each finite G-set T, where i* H denotes the forgetful functor from G-sets (or 
spaces or spectra) to H-sets. 

For a G-Mackey functor N_, the restricted FI-Mackey functor N_ is given by 

Ih K(S) = N(G x h S) 

for each finite F[-set S. 

This notation is due to Thevenaz-Webb |I TW95) . They put the decorated arrow 
on the right and denote G x h S by S' fg and i* H T by T f G . 

We also need notation for X as an H -spectrum for subgroups F[ C G. For this 
purpose we will enlarge the orthogonal representation ring of G, f?0(G), to the 
representation ring Mackey functor RO (G) defined by RO (G)(G/F[) = RO(F[). 
This was the motivating example for the definition of a Mackey functor in the 
first place. In it the transfer map on a representation V of FI is the induced 
representation of a supergroup K D H, and its restriction to a subgroup is defined 
in the obvious way. In particular the restriction of the transfer of V is \K/H\V. 

More generally for a finite G-set T, RO (G)(T) is the ring (under pointwise 
direct sum and tensor product) of functors to the category of finite dimensional 
orthogonal real vector spaces from BqT , the split groupoid (see |Rav861 Al.1.22]) 
whose objects are the elements of T with morphisms defined by the action of G. 


Definition 2.7. RO ( G)-graded homotopy groups. For each G-spectrum X 
and each pair (U, V) consisting of a subgroup H C G and a virtual orthogonal 
representation V of FL, let the G -Mackey functor tt_h,v(X) be defined by 

G 


Kh,v( X)(T) := 


(G+AS 

H 


r ) A T + , X “[5 


A 1 


X] H =z$(i*HX)(i* H T), 


H 


for each finite G-set T. Equivalently, n H V (X) =t^ 
functors. We will often denote 7r G v by r t g or tt v . 


ny(i* H X) (see 2.6) as Mackey 


We will be studying the RO(G)-graded slice SS {,£*’*} °f Mackey functors with 
r, s € Z and a £ RO (G). We will use the notation for such Mackey 

functors, abbreviating to Ef l when the subgroup is G. Most of our spectral 
sequence charts will display the values of E*/' for integral values of t only. 
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The following definition should be compared with lAda84] (2.3)]. 


Definition 2.8. An equivariant homeomorphism. Let X be a G-space and Y 
an H-space for a subgroup H C G. We define the equivariant homeomorphism 

Uff(Y,X) : G x H (Y x i* H X) -a (G x H Y) x A' 

by (g,y,x) ha (g,y,g(x)) for g £ G, y £ Y and x £ X. We will use the same 
notation for a similarly defined homeomorphism 

u%(Y, X) : G+ A (Y A i* H X) -A (G+ A Y) A X 

ri Jrl 

for a G-spectrum X and H-spectrum Y. We will abbreviate 
Uh(S°, X) : G+ A i* H X -A G/H+ A A 

H 

by u%{X). 

For representations V and V' of G both restricting to W on H, but having 
distinct restrictions to all larger subgroups, we define uy- V — u < f [ (S v )u < f [ (S v ) 1 , 
so the following diagram of equivariant homeomorphisms commutes: 

(2.9) G+ A S w 

H 

^h{S v ') ^ G / H A S v ', 

When V' = |i^| (meaning that H = Gy acts trivially on WJ, then we abbreviate 
uy-v' by uy- 

If V is a representation of H restricting to W on I\ , we can smash the diagram 
with S v and get 

( 2 . 10 ) 

pinch 

S v < ± H/K+ A S v 

fold 

J G+ a ( . } 

pinch 

G+ A G + A (H/K+ A S v ) -S-G+ A (H + A 5 W ) = G+ A S w , 

H fold H H K K 

where the homeomorphism is induced by that of Definition |2.8| 

Definition 2.11. The group action restriction and transfer maps. For 

subgroups K C H C G, let V € RO(F[) be a virtual representation of H restricting 
to W € RO(K). The group action transfer and restriction maps 


( 2.1 



t H Ay (*JfA') 


iH,V 


X 


H ,v 

Sk 


: Fk,W 


X 


' lie TLwii’K-* 0 


(see 2.6) are the ones induced by the composite maps in the bottom row of (2.10). 
The symbols t and r here are underlined because they are maps of Mackey functors 
rather than maps within Mackey functors. 
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We include V as an index for the group action transfer t because its target 
is not determined by its source. 

Thus we have abelian groups n H , V (X)(G/H") for all subgroups H',H" C G 


and representations V of H'. Most of them are redundant in view of Theorem 2.13 


below. In what follows, we will use the notation H u = H'UH" and H n = H' nH n 


Lemma 2.12. An equivariant module structure. For a G-spectrum X and 
H'-spectrum Y, 

[G+ A Y,X) h " = Z[G/H U \ ® [H u+ A Y, X} H " 

H' H' 

as Z[G / H"]-modules. 


Proof. As abelian groups, 

[G + AY,X] h " 


[i* H „(G + A Y), X] H " 


H" 


V H u+ A Y, X 
\G/H u \ 


0 [H u+ A Y,X] h " 
\G/Hu I 


and G/H" permutes the wedge summands of \J\c,/n u \ ^u+ A Y as it permutes the 
elements of G/H u . □ 


Theorem 2.13. The module structure for l?0(G)-graded homotopy 
groups. For subgroups FI ', H" C G with H u = H' U H" and H n = H' n FI", 
and a virtual representation V of H' restricting to W on H n , 

7 T h , >v X{G/H") “ Z[G/H u \®7T HntW X(G/G) “ Z[G/H u \®n^i* Hn X(H n /H n ) 
as Z[G/H"]-modules. 

Suppose that H" is a proper subgroup of H' and j £ FI' is a generator. Then as 
an element in Z[G/H"\, 7 induces multiplication by —1 in n H , V X(G/H") iffV is 
nonorientable. 

Proof. We start with the definition and use the homeomorphism of Definition |2.8| 
and the module structure of Lemma 12.121 

7T H , y X{G/H") = [(G+ A S v ) A G/H';,Xf 

rl 

= [G+ A (G+ A 5 y ),A] G 

H" H' 

= [G+ A S V ,X] H " = Z[G/H U \ ® [H u+ A S V ,X] H " 

H' H' 

and [H u+ A S V ,X] H " = [S w ,X} Hn = [G+ A S W ,X] G 

H' H n 

= % n (*H n ^)(^/^n) = 7LH n ,wX(G/G). 

For the statement about nonoriented V, we have 

7 T_ H ,yX(G/FF") = Z[G/FF’} ® n$'i* H „X(H"/H") = Z[G/H'} <g> [S w ,X] H ". 

Then 7 induces a map of degree ±1 on the sphere depending on the orientability 
of V. □ 
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Theorem |2.13| means that we need only consider the groups 

7L H yX(G/G) = TTyi* H X(H/H). 

When H C G and V is a virtual representation of G , we have 
(2.14) i t_ v X(G/H) = n_ Hi , H yX(G/G) = TTy H yi* H X(H/H). 

This isomorphism makes the following diagram commute for I\ C H . 


Kv X(G/H)-^ KHti . B yX(G/G)—^Eg v i* H X{H/H) 

Kv X{G/IQ-^z Xi r K yX{G/G)—^ 1 $ K yi* K X{K/K) 


We will use the three groups of { 2. If [ ) interchangeably as convenient and use the 
same notation for elements in each related by this canonical isomorphism. Note that 
the group on the left is indexed by RO(G ) while the two on the right are indexed 
by RO{H). This means that if V and V' are representations of G each restricting 
to W on H , then 7 t v X(G/H) and 7 t v ,X(G/H) are canonically isomorphic. The 
first of these is 


[G/H+ A S V ,X] G “ [G+ A S W ,X] G 2£ [S w ,c H 

H 


x] 


H 


where the first isomorphism is induced by the homeomorphism u^(X) of Definition 
2.8|and the second is the fact that G + A (•) is the left adjoint of the forgetful functor 


o H - 


Remark 2.15. Factorization via restriction. For a ring spectrum X, such as 
the one we are studying in this paper, an indecomposable element in n+X^G/H) 
may map to a product xy £ n H ir X(G/G) of elements in groups indexed by represen¬ 
tations of H that are not restrictions of representations of G. When this happens we 
may denote the indecomposable element in n^X^G/H) by [xy\. This factorization 
can make some computations easier. 


3. The RO(G)-graded homotopy of HZ 

We describe part of the _RO(G)-graded Green functor n^HZ), where HZ is the 
integer Eilenberg-Mac Lane spectrum HZ in the G-equivariant category, for some 
finite cyclic 2-group G. For each actual (as opposed to virtual) G-representation V 
we have an equivariant reduced cellular chain complex CY for the space S l . It is 
a complex of Z[G]-modules with H*(C V ) = H*(S\ V I). 

One can convert such a chain complex CY of Z[G]-modules to one of Mackey 
functors as follows. Given a Z[G]-module M, we get a Mackey functor M_ defined 
by 

(3.1) M{G/H) = M h for each subgroup H C G. 

We call this a fixed point Mackey functor. In it each restriction map res)? (for 
K C. H C. G) is one to one. When M is a permutation module, meaning the free 
abelian group on a G-set B , we call M_ a permutation Mackey functor IHHRat §3.2]. 

In particular the Z[G]-module Z with trivial group action (the free abelian group 
on the G-set G/G) leads to a Mackey functor Z in which each restriction map is 
an isomorphism and the transfer map tr )? is multiplication by \H/K\. For each 
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Mackey functor M_ there is an Eilenberg-Mac Lane spectrum HM_ [GM951 §5], and 

HZ is the same as HZ with trivial group action. 

Given a finite G- CW spectrum X, meaning one built out of cells of the form 

G+ A e n , we get a reduced cellular chain complex of Z[G]-modules G*X, leading 
H 

to a chain complex of fixed point Mackey functors G„ X , Its homology is a graded 
Mackey functor H^X with 

H^XiG/H) = 7 r*(X A HZ){G/H) = tt*(X A HZ) h . 

In particular H_ t X{G/ {e}) = H*X, the underlying homology of X. In general 
H_ if X{G/H) is not the same as H ir {X H ) because fixed points do not commute with 
smash products. 

For a finite cyclic 2-group G = C 2 k, the irreducible representations are the 2- 
dimensional ones A (m) corresponding to rotation through an angle of 2i:m/2 k for 
0 < to < 2 fc ~ 1 , the sign representation a and the trivial one of degree one, which we 
denote by 1. The 2-local equivariant homotopy type of depends only on the 

2-adic valuation of m, so we will only consider A(2 J ) for 0 < j < k — 2 and denote 
it by A j. The planar rotation Xk-i though angle 7 r is the same representation as 
2a. We will denote A(l) = Ao simply by A. 

We will describe the chain complex C v for 

V = a + ba + CjXk-j- 

2 <j<k 


for nonnegative integers a, b and Cj . The isotropy group of V (the largest subgroup 
fixing all of V) is 

( C 2 k = G for b = c 2 = ■ ■ ■ = Cfc = 0 

Gy = < C 2 k- 1 =: G' for b > 0 and C 2 = ■ ■ • = Ck = 0 

[ C 2 k-i for ce > 0 and c= • • • = c* = 0 

The sphere S v has a G -CW structure with reduced cellular chain complex G v 

of the form 


(3.2) CX 


Z for n = do 

Z[G/G'] for d 0 <n<dx 

Z [G/C 2 k-i] for dj -1 <n< dj and 2 < j < £ 
0 otherwise. 


where 


dj = 


a 

a + b 

o, T b -(- 2c 2 —(— • * * —f— 2 Cj 


for j = 0 
for j = 1 
for 2 < j < £, 


SO di = \V\. 

The boundary map d n : C k ' —» C^-i is determined by the fact that 
H*(C V ) = H*(S\ V \). More explicitly, let 7 be a generator of G and 


<1= E ■>’ 

0<t<2i 


for 1 < j < k. 
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Then we have 


V for n = 1 + do 

(1 — 7 )x n for n — do even and 2 + do < n < d n 
x n for n — do odd and 2 + do < n < d n 

0 otherwise, 


where V is the fold map sending 7 1 —> 1, and x n denotes multiplication by an 
element in Z [G] to be named below. We will use the same symbol below for the 
quotient map Z [G/H\ —> Z[G/K\ for H C K C G. The elements x n G Z[G] for 
2 + d,Q <11 <\V\ are determined recursively by X2+d 0 = 1 and 


x n x n -i = C,j for 2 + dj -1 < n < 2 + dj. 

It follows that H\ V \C V = Z generated by either Xi + \ v \ or its product with 1 — 7, 
depending on the parity of b. 

This complex is 

fjV _ y) v o\(jV/v 0 

where Vo = V G . This means we can assume without loss of generality that Vo = 0. 
An element 

x G H n C v {G/H) = H n S v (G/H) 
corresponds to an element x G n n _ v HZ(G/H). 

We will denote the dual complex Homz(C y , Z) by C~ v . Its chains lie in dimen¬ 
sions — n for 0 < n < \V\. An element x G Hi_ n (S~ v )(G / H) corresponds to an 
element x G Ti v _ n HZ(G / H). 

The method we have just described determines only a portion of the 
RO{G)~ graded Mackey functor n^ G *)-ffZ, namely the groups in which the index 
differs by an integer from an actual representation V or its negative. For example 
it does not give us Tr a _ x HZ for |G| > 4. 

We leave the proof of the following as an exercise for the reader. 


Proposition 3.3. The top (bottom) homology groups for S l (S~ v ). Let 

G be a finite cyclic 2-group and V a nontrivial representation of G of degree d with 
V G = 0 and isotropy group Gy. Then C% = Cz'f = Z [G/Gy\ and 

(i) If V is oriented then FL d S x = Z, the constant Z-valued Mackey functor 
in which each restriction map is an isomorphism and each transfer tr^ is 
multiplication by \K/H\. 

(ii) = Zl(G,Gv), the constant Z-valued Mackey functor in which 


I 1 for K C Gy 

\ \K/H\ for Gy C H 


and 

K ( \K/H\ for K C G v 
H - \ 1 for Gy C H. 

(The above completely describes the cases where \K/H\ = 2, and they 
determine all other restrictions and transfers.) The functor Z(G, e) is 
also known as the dual Z*. These isomorphisms are induced by the maps 


H d S v H_ d S~ v 

II . _ |:: 

Z---^ Z[G/Gv]-Z(G, Gy). 
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(iii) If V is not oriented then H^S 1 ' = Z_, where 

7 (r/m- f 0 ^ h = G 

Z .= Z[G]/(l + 7) otherwise 

where each restriction map res^ is an isomorphism and each transfer tr 
is multiplication by \K/H\ for each proper subgroup K. 

(iv) We also have Tf_ d S~^ = Z(G,Gy)_, where 

( 0 for H = G and V = a 

Z{G,G V )_{G/H) = l Z/2 for H = G and V ^ a 
[ Z_ otherwise 

with the same restrictions and transfers as Z (G, Gy). These isomorphisms 
are induced by the maps 


KuS v 


■ Z [G/Gv] 


v_ 


H. d S~ v 

II 

Z(G,Gy)_. 


The Mackey functor Z(G, Gy) is one of those defined (with different notation) 
in iHHRbl Def. 2.1]. 

Definition 3.4. Three elements in n^(HZ). Let V be an actual (as opposed 
to virtual) representation of the finite cyclic 2-group G with V G = 0 and isotropy 
group Gy- 

(i) The equivariant inclusion S° —> S v defines an element in vr_y5'°(G/G) 
via the isomorphisms 

tt_ v S°(G/G) = tt 0 S V (G/G) = n 0 S vG = n 0 S 0 = Z, 

and we will use the symbol ay to denote its image in % r_ _ V HZ(G/G). 

(ii) The underlying equivalence S v —> defines an element in 

n v S^(G/G v ) = k V -\ VI S°(G/G v ) 

and we will use the symbol ey to denote its image in 7Ty. _W\HZ(G/G V ). 

(iii) If W is an oriented representation of G (we do not require that W G = 0 ), 
there is a map 

A : Z -> = Z[G/G W \ 

as in Proposition |^.3 | giving an element 

uw € H\ W \S W (G/G) = n m _ w HZ(G/G). 


For nonoriented W, Proposition 3.3 gives a map 
A_ : Z 

and an element 

-iW t 


r<w 

U \W\ 


uw G H m S w {G/G') = v m _ w HZ{G/G'). 


The element uw above is related to the element uy of (2.9) as follows. 
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Lemma 3.5. The restriction of uw to a unit and permanent cycle. Let W 

be a nontrivial representation of G with H = Gw ■ Then the homeomorphism 


E~ w u w : G/H+ A S' w \~ w ->■ G/H+ 


of (2.9) induces an isomorphism w 0 HZ(G/H) —► 7T| w\-w 
unit to reSfl(uw) for uw as defined in (Hi) above and K = 
the orientability ofW. 

The product 


HZ{G/H) sending the 
- G or G' depending on 


res^(u w )e w £ 7 t 0 AZ(G/A) = Z 

is a generator, so ew and res^(uw) are units in the ring 7r*AZ(G/ H), and 
reSfl(uw) is in the Hurewicz image of n ir S°(G/H). 


Proof. The diagram 


G/K+ A S\ w \~ w - < fold G/H+ A S\ w \~ w ■ if j G/H+ 


induces (via the functor [-,HZ] G ) 

resu — 

7L\w\~wHZl{G/ A )- 3- 7L\w\-w HZ(G/H ) -«■-7 r 0 HZ(G/H) 

H\ W \S W (G/K) H m S w (G/H) Z 

The restriction map is an isomorphism by Proposition [T3] and the group on the left 
is generated by uw- 

The product is the composite of A-maps 


gW ew <y|W| res Hi u w ^ w 


HZ. 


which is the standard inclusion. 


□ 


Note that ay and ey are induced by maps to equivariant spheres while uw is 
not. This means that in any SS based on a filtration where the subquotients are 
equivariant AZ-modules, elements defined in terms of ay and ey will be perma¬ 
nent cycles, while multiples and powers of uw can support nontrivial differentials. 
Lemma |3.5| says a certain restriction of uw is a permanent cycle. 

Each nonoriented V has the form W + a where er is the sign representation and 
W is oriented. It follows that 

uy = u a resQf(uw) € n\ v \_vHZ(G/G'). 

Note also that ao = eo = uq = 1. The trivial representations contribute nothing 
to tt*(AZ). We can limit our attention to representations V with V G = 0. Among 
such representations of cyclic 2-groups, the oriented ones are precisely the ones of 
even degree. 

Lemma 3.6. Properties of ay, ey and Uw- The elements ay £ n_ v HZ(G/G), 
ey £ 7Ly-\y\HZ(G/Gy) and Uw £ A|vf|_w^2(G/G) forW oriented of Definition 
\3.4\ satisfy the following. 

(i) ay+w = ay aw and uy+w = uyuw ■ 

(ii) \G/Gy\ay = 0 where Gy is the isotropy group ofV. 
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(iii) For oriented V, trQ (ey) and tr^ (ey+a) have infinite order, while 
t r Q v (e V +< 7 ) has order 2 if \V\ > 0 and trQ v (e a ) = trQ,(e a ) = 0. 

(iv) For oriented V and Gy Q H C G 


tr% v (e v )u v = \G/G V \ £ tl 0 HZ(G/G) = Z 
and trQ v ( e v+a)uv+a = \G'/G v \ £ 7 LqHZ(G/G') = Z 

(v) a v+w tr% v (e v+u ) = 0 if \V\ > 0. 


for \ V\ >0. 


(vi) For V and W oriented, uwtrQ v {ey + w) = \Gy/Gy + w\trQ v {fiy). 

(vii) The gold (or au) relation. For V and W oriented representations of 
degree 2 with Gy Q Gw, awuy = \Gw / Gy\ayuw■ 

For nonoriented W similar statements hold in 7r l ^ ^ i^Z(G/G , ). 2 W is oriented 
and U 2 w defined in K 2 \ W \_ 2 W HZ(G /G) with resQ,(u 2 w) = U\y- 

Proof. (ji| This follows from the existence of the pairing C v 0 C w — » C v+W . It 
induces an isomorphism in H 0 and (when both V and W are oriented) in H\ v+W \. 
( n|) This holds because H 0 (V) is killed by |G/Gy|. 


(iiiI This follows from Proposition 3.3 


(|iv ) Using the Frobenius relation we have 

t r G v ( e v)uy = tr*Q v (e v resQ v (wy )) = tr$ (1) by [33] 


= \G / Gy | 


tr G v {ev+ a )uv +<T = tr% v {e v+a res% v (u v+a )) = tr% ( 1) = \G’/G v \. 




G' 




(m) We have 


ay+wtrQ v (ey + u) : S |y| I* 71 -)• S 


w-u 


It is null because the bottom cell of S n ~ u is in dimension —\U\. 

( |vi| ) Since V is oriented, then we are computing in a torsion free group so we can 
tensor with the rationals. It follows from (Irvl) that 


tr% 

Cjv 


and 


w (e v+w ) = 

tr G v ( e v) = 


\G/Gy+w\ 

UyUw 

\G/G V \ 

Uy 


so u w tr% v+w (e v+w ) = ^ ^ ^ = \ G v/G v+w \trQ v (e v ). 


(vii) For G = C 2 n, each oriented representation of degree 2 is 2-locally equivalent 
to a A j for 0 < j < n. The isotropy group is G\ j = C 2 j. Hence the assumption 
that Gy C Gw is can be replaced with V = A j and W = Xk with 0 < j < k < n. 
the statment we wish to prove is 

a\ k u Xj = 2 k ~ J a Xj u Xk . 

One has a map S Xj —> S Xk which is the suspension of the 2 k ~Hh power map 
on the equatorial circle. Hence its underlying degree is 2 k ~F We will denote it by 
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a xk /a Xj since there is a diagram 



We claim there is a similar diagram 

S Xk A HZ 



S x i A HZ. 


in which the underlying degree of the vertical map is one. 

Smashing a Xk /a Xj with HZ and composing with u Xj /u Xk gives a factorization 
of the degree 2 fc-J map on S Xj A HZ. Thus we have 

a ^k e)k—j 

U\ k a Xj 

u Xj a Xk = 2 k ~ J u Xk a Xj 


as desired. 


The vertical map in (3.71 would follow from a map 

S Xk ~ Xj ->• HZ 


with underlying degree one. Let G = and G D H = C 2 j ■ Then S has a 
cellular structure of the form 


G/H+ A S ~ 2 U G/H+ A e" 1 U e°. 

We need to smash this with S Xk . Since Afc restricts trivially to H, 

G/H+ A S Xk = G/H+ A S' 2 . 


This means 


S x k~ x j = SA g-Xj = g/H+ A S° U G/H+ A e 1 U e° A S Xk . 
Thus its cellular chain complex has the form 


2 

1 

0 

where K = G/C p k 



Z [G/H] 

I 1 -')' 

Z[G/H\ 


and the left column is the chain complex for S Xk . 
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There is a corresponding chain complex of fixed point Mackey functors. Its value 
on the G-set G/L for an arbitrary subgroup L is 


2 

1 

0 


Z [G/ ma x(K, L )] 

j 1 -')' 

Z[G/ max(A', L )] 


i V 

Z 



Z[G/max(R, A)] 
Z[G/ max(R, L)\ 


For each L the map A is injective and maps the kernel of the first 1 — 7 isomor- 
phically to the kernel of the second one. This means we can replace the above by 
a diagram of the form 


1 coker (1 — 7 ) 



0 Z coker (1 — 7 ) 


where each cokernel is isomorphic to Z and each map is injective. 

This means that H[ t S Xk ~ > ' j is concentrated in degree 0 where it is the pushout 
of the diagram above, meaning a Mackey functor whose value on each subgroup is 
Z. Any such Mackey functor admits a map to Z with underlying degree one. This 
proves the claim of (3.7). □ 


The Z-valued Mackey functor Lf 0 S Xk Xj is discussed in more detail in | [HHRb| . 
where it is denoted by Z (k,j). 


4. Generalities on differentials and Mackey functor extensions 

Before proceeding with a discussion about sepctral sequences, we need the fol¬ 
lowing. 

Remark 4.1. Abusive SS notation. When d r (x) is a nontrivial element of 
order 2, the elements 2x and x 2 both survive to E_ r+l , but in that group they are 
not the products indicated by these symbols since x itself is no longer present. More 
geneally if d r (x) = y and ay = 0 for some a, then ax is present in E r+1 . This 
abuse of notation is customary because it would be cumbersome to rename these 
elements when passing from E r to E_ r +i- We sometimes denote them by [2x], 
[ai 2 ] and [ax] respectively to emphasize their indecomposability. 

Now we make some observations about the relation between exotic transfers and 
restriction with certain differentials in the slice SS. By “exotic” we mean in a higher 
filtration. In a SS of Mackey functors converging to tt+X, it can happen that an 
element x € n v X(G/H) has filtration s, but its restriction or transfer has a higher 
filtration. In the SS charts in this paper , exotic transfers and restrictions will be 
indicated by blue and dashed green lines respectively. 

Lemma 4.2. Restriction kills a a and a a kills transfers. Let G be a finite 
cyclic 2-group with sign representation a and index 2 subgroup G’, and let X be a 
G-spectrum. Then in n*X(G/G) the image of trQ, is the kernel of multiplication 
by a a , and the kernel of res q, is the image of multiplication by a a . 
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Suppose further that 4 divides the order of G and let A be the degree 2 represen¬ 
tation sending a generator 7 G G to a rotation of order 4- Then restriction kills 
2a\ and 2a\ kills transfers. 

Proof. Consider the cofiber sequence obtained by smashing X with 
(4.3) S~ l -?=-». S ' 7-1 - G+ A S° -- S° —^ 

G' 

Since (G+ A X) G is equivalent to X G , passage to fixed point spectra gives 
G' 

Y,~ 1 X g -(e <t ~ 1 x) g ->■ X G ' ->- X G ->■ (E a X) G 

so the exact sequence of homotopy groups is 


”*• ■ 1 AbC C) „.V:C G) --tr, (g+ Al) (G/G) - ^jL k X(G/G 

\ (. X){G/G r ) 



Note that the isomorphism u a is invertible. This gives the exactness required by 
both statements. 

For the statements about a\, note that A restricts to 2 a a 1 , where oq' is the sign 
representation for the index 2 subgroup G'. It follows that res§,(a \) = a^ c ,, which 
lias order 2. Using the Frobenius relation, we have for x G 7 r < ,X(G/G / ), 

2 a*tr G ,(x) = tr G ,(res G ,(2a\)x) = tr G ,{2a 2 aG ,x) = 0. 

□ 

This implies that when a a x is killed by a differential but x G E r (G/G) is not, 
then x represents an element that is tr G ,{y) for some y in lower filtration. Simi¬ 
larly if x supports a nontrivial differential but a a x is a nontrivial permanent cycle, 
then the latter represents an element with a nontrivial restriction to G' of higher 
filtration. In both cases the converse also holds. 

Theorem 4.4. Exotic transfers and restrictions in the f?0(G)-graded slice 

SS. Let G be a finite cyclic 2-group with index 2 subgroup G' and sign representation 
a, and let X be a G-equivariant spectrum with x G X(G/G) (for V G RO(G)) 
in the slice SS for X. Then 

(i) Suppose there is a permanent cycle y' G Ef. +r ’ v+r ^ 1 X(G/G r ). Then there 
is a nontrivial differential d r (x) = tr G ,(y') iff [a a x\ is a permanent cycle 
with resQ,(a a x) = u a y'. In this case \a a x] represents the Toda bracket 
(a a , tr§,, y'). 

(ii) Suppose there is a permanent cycle y G Eff 1 ^ 1,v+r+a ~ 2 X(G/G). Then 
there is a nontrivial differential d r (x) = a G y iff resQ,(x) is a permanent 
cycle with tr G , (u“ 1 res§, (x)) = y. In this case resQ,(x) represents the 
Toda bracket (res§,, a a , y). 
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In each case a nontrivial d r is equivalent to a Mackey functor extension raising 
filtration by r — 1. In (i) the permanent cycle a a x is not divisible in n+X by a a 
and therefore could have a nontrivial restriction in a higher filtration. Similarly in 
(ii) the element denoted by reSQ,(x) is not a restriction in 7r*X, so we cannot use 
the Frobenius relation to equate trQ, (u~ 1 resQ, (x)) with (rt" 1 )®. 

We remark that the proof below makes no use of any properties specific to the 
slice filtration. The result holds for any equivariant filtration with suitable formal 
properties. 

Before giving the proof we need the following. 


Lemma 4.5. A formal observation. Suppose we have a commutative diagram 
up to sign 


A, 


o,o ~ 

b o,o 


0-0,0 . O 0 ,l 

-s- A 0 ,1 ->■ A, 


& 0,2 


■EAn 


v b °.l 


A 0,1,0 A 0,1,1 A 

J±i o- A\ 1-2 


0,2 -^^ 0,0 

&0,2 l^°’° 

ai,2 




A 


2,0 — 

i>2,0 

0,0 “ 


a 2,0 . « 2,1 
——^ A 2 ,i-> A- 


b 1,2 

2,2 02,2 > EA 


EAyo 

b i,o 


ttn n 

SAn.n-EA 


b2,i 


b2,: 


0,1 


* 0,2 


2,0 

b2,o 

*0,0 


in which each row and column is a cofiber sequence. Then suppose that from some 
spectrum W we have a map fs and hypothetical maps f\ and f 2 making the following 
diagram commute up to sign, where Qj = = di+ijbij. 


(4.6) 


W : 


h 


•EA, 


h 


0,0 


/1 
\ 


h 


A 


E A 


0,0 


2,1 - 

j &2 - 

0,1 

bo,. 



b2,: 


EA 0 x 00,1 > EA, 


0,2 

|fco,2 

EAi 1-3- SA12 


EA M 

| 6i a 

EA 2>1 


Then f\ exists iff f 2 does. When this happens, 00 , 0/3 is null and we have Toda 
brackets 


( ffl l,l) c 0,0) fs) 9 /2 


and (61,1, c 0)0 , / 3 ) 9 ff. 
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Proof. Let R be the pullback of 0 , 2,1 and &i, 2 , so we have a diagram 

Aq,2 ^ 0,2 

I l bo ’ 2 

1 1 C 12 

-s- R ->■ j4i,2--—*- 5L4 2 ,o 

| j bl ' 2 | 

a 2,0 a 2,1 ' 0 - 2,2 ' 

-^ ^2,1 -^ ^2,2 -^ ^-^-2,0 

j 02 ' 1 \ b ^ 

51^0,2 EAlo,2 

in which each row and column is a cofiber sequence. Thus we see that R is the fiber 
of both Ci ,2 and C 21 . If /1 exists, then 

c 2,i/i = 00,1^2,1/1 = 00,100,0/3 

which is null homotopic, so /1 lifts to R , which comes equipped with a map to Al 12 , 
giving us / 2 - Conversely if /2 exists, it lifts to R , which comes equipped with a 
map to ^ 2 , 1 , giving us f\. 

The statement about Toda brackets follows from the way they are defined. □ 

Proof of Theorem \4-4\ For a G-spectrum X and integers a < b < c < 00 there is a 
cofiber sequence 


4b ,0 
4b ,0 


P b \i X 


PfX 


P b X 


S P b+ 1 x. 


Whe n c = 00 , we omit it from th e no tation. We will combine this and the one of 
(4.3) to get a diagram similar to (4.6) with W = S v to prove our two statements. 

For (i) note that x £ E^’ t X(G/G) is by definition an element in n t _ s PfX(G/G). 
We will assume for simplicity that s = 0, so x is represented by a map from some 
S v to (PqX) g . Its survival to E_ r and supporting a nontrivial differential means 


that it lifts to (P<f 2 X) G but not to (Pq i X) G . The value of d r (x) is represented 
by the composite kx in the diagram below, where we can use Lemma |4.5| 


—- V - ->■ (Pr-lX) G ’ 


V 

" ^ 

\ 

\ 

~~ — — u„ resfli, 

" {Y.°-'P 0 X) G — -^ 

\ j ! G 

- (P 0 X) G ' 


(E _ 1 Pq _ 2 X) g 

— (v^p^x ) 0 u ° res > 

'tJ 

1 

to 


(- P r -iX) G " tra ' > (P r _ ,X) G -(E CT P r _iX) G 


The commutativity of the lower left trapezoid is the differential of (i), 
d r (x) = fr G , ( y'). The existence of the map w making the diagram commute follows 
from that of x and y'. It is the representative of a„x as a permanent cycle, which 
represents the indicated Toda bracket. The commutativity of the upper right trape¬ 
zoid identifies y' as uf 1 res G ,(x) as claimed. For the converse we have the existence 
of y' and w and hence that of x. 
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The second statement follows by a similar argument based on the diagram 
S v+r7 ~ 1 — --->■ (. P r -iX) G 


(■ Pr-iXf 


(E CT - 1 P 0 r - 2 X) G 


(E °P r -lX) C 


' - * (P 0 X) G ' - 

s o 

S G \ k 

4l(s P r -!X) G '. 


tr% 


(PoX) c 


tr% 


G °' (PS~ 2 X)G 


Here w represents u a 1 resQ,(x ) as a permement cycle, so we get a Toda bracket 
containing res G ,(x) as indicated. □ 


Next we study the way differentials interact with the norm. Suppose we have a 
subgroup H C G and an iJ-equivariant ring spectrum X with Y = NgX. Suppose 
we have SSs converging to n+X and n+Y based on towers 

•••—*■ Pn X -> Pn-iX -> • " and PgY -» Pg_fY —► • • • 

for functors Pff and Pg equipped with suitable maps 

P%XAP?X^P£ +n X, PgYAPgY -> P.g +n Y and NgPgX -> P£ ]G/H \Y. 
Our slice SS for each of the spectra studied in this paper fits this description. 

Theorem 4.7. The norm of a differential. Suppose we have spectral sequences 
as described above and a differential d r (x) = y forx £ E*’*X(H/H). Let p = Ind^l 
and suppose that a p has filtration \G/H\ — 1. Then in the SS for Y = NgX, 

d lG/Hl{r _ 1)+1 (a p N§x) = Ngy £ *^* +l Y{G/G). 

Proof. The differential can be represented by a diagram 

S v — S{ 1 + V) -*- D{ 1 + V) -*- S' 1+ ' / 

y\ j 

r>H v ^ tjH v ^ r>H v / r>H v 

-*s+r^- ^ ^ *s -^/*s+r^ 

for some orthogonal representation V of H , where each row is a cofiber sequence. 
We want to apply the norm functor Ng to it. Let W = Ind^T. Then we get 

S w - NgS( 1 + l )->- D{p + W) -» SP +W 

Xfyy. { 

NgP s H +r X -- NgPgX -- Ng(P s H X/Pf +r X). 
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Neither row of this diagram is a cofiber sequence, but we can enlarge it to one 
where the top and bottom rows are, namely 

S w ->■ D{ 1 + W) - S'+ w 

| j Qp | Qp 

S^ PPpp- D{p + W) - 0iS p+w 

N§y\ \ \Ngx 

N§P s H +r X ->■ NgP s H X -- Ng(P s H X/P s H +r X) 

1 

P {^+r)\G/H\^ ** P ?\G/H\Y ^ P ?\G/H\ Y / P (i+r)\G/H\V 

Here the first two bottom vertical maps are part of the multiplicative structure the 
SS is assumed to have. Composing the maps in the three columns gives us the 
diagram for the desired differential. □ 


Given a G-equivariant ring spectrum X, let X' = i* H X denote its restriction as 
an 77-spectrum. Then N§X' = X^ G ^ H ^ and the multiplication on X gives us a 
map from this smash product to X. This gives us a map n+X' —> n+X called the 
internal norm , which we denote abusively by The argument above yields the 
following. 


Corollary 4.8. The internal norm of a differential. With notation as above, 
suppose we have a differential d r (x) = y for x £ Ef*X' (H/H). Then 

d\ G/H \ {r - 1]+1 (a p N G x) = Ngy £ [^’^(G/G). 

The following is useful in making such calculations. It is very similar to [ HHRal 
Lemma 3.13]. 


Lemma 4.9. The norm of ay and uy. With notation as above, let V be a 
representation of H with V H = 0 and let W = Ind^R. Then N^j(ay) = aw- IfV 
is oriented (and hence even dimensional, making \ V\ p oriented), then 

U\V\ p N(uy ) = Uw- 

Proof. The element ay is represented by the map S° —> S v , the inclusion of the 
fixed point set. Applying the norm functor to this map gives 

S° = N§S° -> 1V%S v = S w , 

which is aw- 

When V is oriented, uy is represented by a map S' v ' —► S v A HZ. Applying 
the norm functor and using the multiplication in HZ leads to a map 

STIp = nG S \v | s w A HZ 


Now smash both sides with HZ, precompose with u\y\ p and follow with the multi¬ 
plication on HZ, giving 


Siviipi 




S w A HZ A HZ 


which is uw since |W| = |V||p|. 


S w A HZ, 


□ 
















24 


MICHAEL A. HILL, MICHAEL J. HOPKINS, AND DOUGLAS C. RAVENEL 


Table 1 . Some G 2 -Mackey functors 


Symbol 

□ 

□ 

• 

E 

□ 

□ 

Lewis 

diagram 

Z 

4 ) 2 

z 

0 

z 

Z/2 

0 

Z 

2 i ) 1 

z 

Z/2 

4 f 1 

z 

Z 

A ( l v 

Z[G 2 ] 

Lewis symbol 

R 

R _ 

(Z/2) 

L 


R( Z 2 ) 


5. Some Mackey functors for G 4 and G 2 

We need some notation for Mackey functors to be used in SS charts. In this 
paper, when a cyclic group or subgroup appears as an index, we will often replace 
it by its order. We can specify Mackey functors M_ for the group C 2 and N for G 4 
by means of Lewis diagrams (first introduced in ILew 88 | b 

and N(C 4 /C 4 ) 

f tr 2 

N(C 4 /C 2 ) 

real\ tr l 

N(C 4 /e). 

We omit Lewis’ looped arrow indicating the Weyl group action on M(G/iJ) for 
proper subgroups H. This notation is prohibitively cumbersome in SS charts, so 
we will abbreviate specific examples by more concise symbols. These are shown 
in Tables [T] and [ 2 j Admittedly some of these symbols are arbitrary and take some 
getting used to, but we have to start somewhere. Lewis denotes the fixed point 
Mackey functor for a ZG-module M by R(AI). He abbreviates i?(Z)and R( Z_) by 
R and R-. He also defines (with similar abbreviations) the orbit group Mackey 
functor L{M) by 

L(M)(G/H) = M/H. 

In this case each transfer map is the surjection of the orbit space for a smaller sub¬ 
group onto that of a larger one. The functors R and L are the left and right adjoints 
of the forgetful functor M_ 1 —> MAG/e ) from Mackey functors to ZG-modules. 

Over C 2 we have short exact sequences 

0-*-E->■ □-a- •->■ 0 

0-# * -->■ D ATrGljt □- 5 - 0 


M{C 2 /C 2 ) 



M(C 2 /e ) 


0 


■ □ 


■ □ 


■ □ 


■0 


We can apply the induction functor to each them to get a short exact sequence of 
Mackey functors over G 4 . 

Five of the Mackey functors in Tableware fixed point Mackey functors (3.1), 
meaning they are fixed points of an underlying Z[G]-module M, such as Z[G] or 

Z = Z[G]/( 7 -l) Z[G/G'] = Z[G]/( 7 2 -l) 

Z = Z[G ]/(7 + l) Z[G/G']_ = Z[G ]/( 7 2 + l) 
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Table 2. Some C^-Mackey functors, where G = C4 and G' is its 
index 2 subgroup. The notation Z (G,H) is defined in 3.3 d). 


□ = z 

□ = Z[G/G'] 

□ = z_ 

0 

a = z[g] 

□ 

A 

z 

A* 

Z[G/G'] 

d / 

Z[G/G'] 

0 

n 

z_ 

d / 

z_ 

Z/4 

d / 

Z/2 

n 

0 

A 

Z[G/G'] 

a a 

Z[G] 

Z/2 

a a 

Z/2[G/G'] 

d d 

Z[G/G']_ 

□ 

H= Z(G,e) 

▼ 

▲ 

□ 

m 

Z/2 

°{ 4 

z_ 

d h 

z_ 

Z 

4 )i 

z 

2 ( )l 

z 

Z/2 

4 ^ 

Z/2 

< i 

0 

Z/2 

4 4 

Z/2 

{ } 

0 

0 

n 

0 

n 

Z[G/G']_ 

0 

4 }o 

Z/2 

4 

Z[G/G']_ 

m 

E = Z(G, G') 

• 

• 

m 

□ 

Z/2 

f 1 

Z/2 

4 

Z[G/G'] 

z 

4 )l 

z 

4 ) 2 

z 

Z/2 

< i 

0 

n 

0 

0 

n 

Z/2 

0 

Z/2 

^ 4 

Z/2 

Z[G/G'] 

Z/2 

4 4 

Z/2[G/G'] 

<h( fi 

Z[G/G'] 

E 

E 

H 

E 

0 

• 

0 

n 

z_ 

^ f 1 

z_ 

z 

4 A 

Z[G/G'] 

Z[G/G'] 

z 

4 ) 2 

z 

4 4 

z 

Z/2 

d d 

Z_ 

2 i 4 

z_ 

Z/4 

d d 

Z/2 

4 4 

Z[G/G']_ 

Z/2 

4 4 

Z/2[G/G'] 

0 

▼ 

B 

0 

E 

[0 

Z/2 

o]() [1 01 

Z/2® Z_ 

2l ()[I] 

Z_ 

[ 

Z/4 

[o]( ) [ 

Z/2® Z_ 

4 )’ 

Z_ 

2 2 ] 

0 ' 

1 J 
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We will use the following notational conventions for C^-M&ckey functors. 
• Given a G2-Mackey functor M_ with Lewis diagram 


A 



B 


with A and B cyclic, we will use the symbols M, M_ and M for the C4- 
Mackey functors with Lewis diagrams 


A 0 and Z / 2 



where a generator 7 £ C4 acts via multiplication by — 1 on A and B in the 
second two, and the transfer r is nontrivial. 

• For a C2-Mackey functor M we will denote M ( see 2.61 by M. For a 
Mackey functor M defined over the trivial group, we will denote fi M and 

ti M by M and M. 

Over C4, in addition to the short exact sequences induced up from C2, we have 


0 -•- 3 - □-3- □- 0 

0 -3- T-3- o-^ •-3- 0 

0 -3- ▼-s-n-3- □-5- 0 

(5.2) 

0 -3- • -3- O -3- A -3- 0 

0 -3-a-^ ^ o-3- 0 

0 - 3-E -»- □ - 33 • 3 - 0 


Definition 5.3. A CVenriched G 2 -Mackey functor. For a C 2 ~Mackey functor 
M as above, M will denote the C 2 ~Mackey functor enriched over Z[Cy defined by 


M(S) = z [C 4 ] (8>Z[C 2 ] M(S) 

for a finite (72-set S. Equivalently, in the notation of Definition 


2.6 


M M. 


6. Some chain complexes of Mackey functors 

As noted above, a G-CW complex X, meaning one built out of cells of the form 
G+ A e", has a reduced cellular chain complex of Z[G]-modules G*A, leading to a 


H 


chain complex of fixed point Mackey functors (see (3.1)) C. M X . W hen X = S l for 
a representation V, we will denote this complex by G* ; see (3.2). Its homology is 
the graded Mackey functor H^X. Here we will apply the methods of to three 
examples. 
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(i) Let G = C 2 with generator 7 , and X = S np for n > 0, where p denotes the 
regular representation. We have seen before |HHRal Ex. 3.7] that it has a reduced 
cellular chain complex C with 

( Z[G ]/(7 — 1) for i = n 

(6.1) G / P2 = I Z[G] for n < i < 2n 

[ 0 otherwise. 

Let denote a generator of G" P2 . The boundary operator d is given by 

f c[ n) for i = n 

( 6 - 2 ) ^( c i+i) = ^ 7 i+i_„(c- n ^) for n < i < 2n 

0 otherwise 


where 7 , = 1 — (— 1 )* 7 . For future reference, let 

* = i-(-i y = 

This chain complex has the form 


0 for i even 
2 for i odd. 


n + 1 


n + 2 


71 + 3 


2 n 


□ 


□ 


72 


□ 


73 


□ 


7. 


□ 


Z -s--- Z -6 --- Z -s--- Z -6 -- Z 

l/ \2 A\( Vv An( A\( Vv A\( Vv 

Z + - V Z[G] ^— Z [G] ^— Z[G] <--- • • • < Z [G] 


Passing to homology we get 


where 


n 

71+1 


71+2 

77 + 3 

2 71 

• 

0 


• 

0 

K 2n 

Z/2 

0 


Z/2 

0 

K 2n (G/G) 

4 ^ 

i y 


4 ^ 

{ y 

A/ /V 

0 

0 


0 

0 

Z[G]/( 7 „+i) 

2 n(G/G) 

r z 

for 

n even 

and 

„ / □ for 7i even 

= {o 

for 

n odd 

— 2 n - | D f or n odd 


Here □ and □ are hxed point Mackey functors but • is not. 

Similar calculations can be made for S nf>2 for n < 0. The results are indicated 
in Figure [2] This is originally due to unpublished work of Stong and is reported in 
lLew88 1 Theorem 2.1 and Table 2.2]. This information will be used in ]J8] 

In other words the I?0(G)-graded Mackey functor valued homotopy of HZ is as 
follows. For 7i > —1 we have 


7Li X np2 HZ = Ki _ np2 HZ = 


□ for n even and i = 2n 

□ for n odd and i = 2n 

• for n < i < 2n and i + n even 
0 otherwise 
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• 




• 




• 




• 




B 


□ 


B 
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□ 


B 
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Figure 2. The (collapsing) Mackey functor slice spectral sequence 
for Vnez S np2 HZ. The symbols are defined in Tablejl] When the 
Mackey functor ^ 2 _ p ^ n _ s HZ = d 2n _ s S np2 is nontrivial, it is 
shown at (2n — s, s ) in the chart. Compare with Figure [TJ 


For n < —2 we have 


t T i X np2 HZ = 7Li _ np2 HZ 


B for n even and i = 2n 
□ for n odd and i = 2n 
• for 2n < * < n — 3 and i + n odd 
0 otherwise 


We can use Definition |3.4| to name some elements of these groups. 

Note that HZ is a commutative ring spectrum, so there is a commutative mul¬ 
tiplication in n+HZ, making it a commutative i?0(G)-graded Green functor. For 
such a functor Mona general group G, the restriction maps are a ring homomor- 


phisms while the transfer maps satisfy the Frobenius relations (2.4). 
Then the generators of various groups in n+HZ are 

(4to - 2)-SLiCES FOR to > 0 : 

CL U — 1 — 2i)a^2ia 


^ —2m—l+2i z 


^(2m-l)p 2 HZ(G/G) 

= 7L2i-(2m-l)aH'Z L (G / G) 

for 0 < i < to 

= «( 2 m-i) CT € 7T 4m _ 2 E( 2m - 1 )^ J ffZ(G/{e}) 
= H(2m-l)(l- f r)^2(G/ {e}) 
with "/(x) = —x 

4to-SLICES FOR to > 0 : 


J2m— 1 


a 2 m 2 V = a( 2 m- 2 i)aU 2 icr 
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e n 2m - 1+2l ^ 2rn - 1)p2 HZ(G/G) 
= /G) 

for 0 < i < m 
and with res(u) = x 2 

NEGATIVE SLICES: 


a 


We have relations 
2 a= 0 


z n 


x~ 2n 


Zn = e 2np2 g 7 r_ 4 ri S _ 2 rtp 2 ifZ(G/ {e}) 

= K 2n („-i)HZ{G/ {e}) for n > 0 
i tr(x~ 2n ~ 1 ) G 7 T_ 4 „_ 2 _ l S- ( 2 n+ 1 +i)p 2 i?Z(G/G) 

= ?L(2n+l)(cr-l)+i<j H ?L(G / G) 

for n > 0 and i > 0 . 

res(a) = 0 

{ 2 u n G for n even and n> 0 

tr(z_ n/ 2 ) for n even and n < 0 
0 for n odd and n > —3. 


(ii) Let G = G 4 with generator 7 , G' = C 2 C G, the subgroup generated by y 2 , 

and 5(n, G') = G+ A S nf>2 . Thus we have 
G' 

C*(S(n,G')) = Z[G] ® Z [G'] C™ P2 


with G " P2 as in (6.1). The calculations of the previous example carry over verbatim 
by the exactness of Mackey functor induction of Definition |2.6| 


(iii) Let G = G 4 and X — S nf>i . Then the reduced cellular chain complex (3.2) 
has the form 


„(") 'i 

-i+l) 


where 




' Z 


for i = n 

^np 4 _ 

Z[G/G'] 

for n < i < 2n 

l 


Z[G] 


for 2n < i < An 



0 


otherwise 

in) 

,• 

= (J U P 

satisfy 




r m 

c- 


for 

i = n 


( n) 

7i+l-n c i 

for 

n < i <2n 

= < 

(n ) 

Pi+l-nC) 

for 

2 n < i < An and i even 


(n) 

7i+l-nC 

for 

2 n < i < An and i odd 


l 0 


otherwise, 

Mi = 

= 7i(f 

+ 7 2 ) = 

(1- 

-(-ir7)(i+7 2 ). 


The values of H_ t S npi are illustrated in Figure [3j The Mackey functors in filtra¬ 


tion 0 (the horizontal axis) are the ones described in Proposition 3.3 


As in (i), we name some of these elements. Let G = G 4 and G' = C 2 C G. Recall 
that the regular representation is 1 + a + A where a is the sign representation 
and A is the 2-dimensional representation given by a rotation of order 4. 
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Figure 3. The Mackey functor slice spectral sequence for 
Vnez £ npi HZ. The symbols are defined in Table [2] The Mackey 
functor at position (4 n — s, s) is n n ^ i _ pi ~ ) _ s HZ = H_ in _ s S npi . 


Note that while Figure [2] shows all of n+HZ for G = C 2 , Figure [3] shows only a 
bigraded portion of this trigraded Mackey functor for G = G 4 , namely the groups 
for which the index differs by an integer from a multiple of p 4 . We will need to 
refer to some elements not shown in the latter chart, namely 



f a a £H 0 S°(G/G ) 

a\ 

£ H 0 S X (G/G ) 

a\ 

= res|(a A ) 

(6.3) 

{ U 2 a £ H 2 S 2(7 (G/G)) 

Uq- 

G H 1 S a (G/G') 

Uq- 

= resl(u a ) 


{ u x £H 2 S x {G/G) 

U\ 

= resj(u x ) 

U\ 

= resf(u x ) 


subject to the relations 

( 2 a CT = 0 res^Oo-) = 0 

(6.4) < 4a A = 0 2 a x = 0 resf(a x ) = 0 

[ res|(w 2o -) = u a a^ux = 2a x u 2a (gold relation); 

see Definition 13.41 and Lemma 13.61 

We will denote the generator of (G/ H) (when it is nontrivial) by 2 t _ SjS , 
yt- s ,s and Zt- S ,s for H = G, G' and {e} respectively. Then the generators for the 
groups in the 4-slice are 

1/4,0 = n Pi = U<T resi(u x ) £ Ka 1: p *HZ(G/G') = K3 _ a _ x HZ(G/G') 

with 7(24,0) = -24,0 


23,1 = a a u\ £ 7 t 3 E P4 HZ(G/G) = TT_ 2 _ a _ x HZ(G/G) 
1 / 2,2 = res$(a x )u a £ 7r 2 E p4 iLZ(G/G') = Kl _ a _ x HZ(G/G') 
21,3 = a p 4 = a a a x £ ■n 1 T, Pi HZ(G/G) = 7r_ CT _ A TLZ(G/G) 
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and the ones for the 8 -slice are 

*8,0 = U2\+2u = u 2pi £ Tr s T, 2pi HZ(G/G) = 7r 6 _ 2(T _2A HZ(G/G) 

with 0 = i/8,o = res t( x s,o) 

* 6,2 = flAiiA+2o- £ 7Le'^ 2p ' 1 HZ(G/G) = 7r 4 _ 2o ._2A HZ(G/G) 

with *3 4 = 2* 6 , 2 

and 2/4,02/2,2 = 2/6,2 = *es 2 (* 6 , 2 ) 

* 4,4 = 0,2\U2<J £ ’K 4 T, 2pi HZ(G/G) = 7L 2 -2a-2\ HZ(G/G) 

with 2/2 2 = 2/4,4 = * es 2 (* 4 , 4 ) 
and * 1 , 3 * 3,1 = 2 * 4,4 

*2,6 = *i, 3 £ n 2 Z 2p *HZ(G/G) = K _ 2a _2xHZ(G/G). 

These elements and their restrictions generate •n\fE mp4 HZ for m = 1 and 2. For 
m > 2 the groups are generated by products of these elements. 

The element 


2 : 4,0 = res\ ( 2 / 4 , 0 ) = resi(u P4 ) £ 7r 4 £ P4 ifZ(G/ {e}) 
is invertible with 7 ( 1 / 4 , 0 ) = - 1 / 4 , 0 , zf,o = ^ 8 ,o = resf (* 8 , 0 ) and 

Z- 4 m,o ■= = e mpi £ 7r_ 4m E _mp4 HZ(G/ {e}) for m > 0, 


where e n 


Z"mp 4 is as in Definition 3.4 These elements and their transfers generate the 
groups in 


—— 4m ^ 


~y—mp 4 


HZ 


for to > 0. 


Theorem 6 . 5 . Divisibilities in the negative regular slices for C4. There are 
the following infinite divisibilities in the third quadrant of the SS in Figure [3| 

(i) *_4,o = trf(z- 4,0) is divisible by any monomial in *1,3 and *4,4, meaning 
that 

*1,3*4,4*- 4 —4j— 4j-3k = *- 4,0 for i, j > 0. 

Moreover, no other basis element killed by *3,1 and *4,4 has this property. 

(ii) *-4,0) and *_7,_i are divisible by any monomial in *4,4, *6,2 and *8,0, 
subject to the relation *§ 2 = * 8 ,0*4,4- Note here that *§ x = 2 * 6 , 2 - 
Moreover, no other basis element killed by *4,4, *6,2 and *8,0 has this 
property. 

(iii) 2 /— 7,—i = res|(*_7,-1) is divisible by any monomial in 1/2,2 and 1/4,0, mean¬ 
ing that 

2 / 2 , 22 / 4 , 0 y-7-2j-4k,-l-2j = 2/—7,-1 for j, k> 0. 

Moreover, no other basis element killed by y 2 , 2 ,and 2/4,0 has this property. 


We will prove Theorem 6.5 as a corollary of a more general statement (Lemma 


6.11 and Corollary 6.13) in which we consider all representations of the form mA+ncr 


for m,n> 0. Let 


R = 0 H,S mX+na . 

m,n> 0 


It is generated by the elements of 16.31) subject to the relations of (6.4). 
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Figure 4. Charts for H_ i L ±. The horizontal coordinate is i and 
the vertical one is to. L m is on the left and is on the right. 


In the larger ring 

R = 0 H if S mX+na , 

m,neZ 
mn> 0 

the elements u a , u a and u\ are invertible with 

e CT = u- 1 e H_ 1 S~ <T (G/G') e x = W X X G H_ 2 S~ x (G/e). 

Define spectra L m and K n to be the cofibers of a m \ and a ntJ . Thus we have 
cofiber sequences 

V —1 T c,llA o0 a, " A „ cm\ ^m,\ j 

^ J-'m ^ ^ - l - J m 

S- 1 /^ —^5°-► S na -► Kn 


Dualizing gives 

DL rn DbmX > S~ mX ° amX > S° - Y>DL m 

DK n — Dbna > S~ ni7 Da " a > S° - TiDK n 

The maps Da m \ and Da na are the same as desuspensions of a m \ and a n(J , which 
implies that 

DL m = Tj~ 1 ~ mX L m and DK n = E ~ x ~ na K n . 

Inspection of the cellular chain complexes for L m and K n and certain of their 
suspensions reveals that 

E 2 ~ x L m A HZ = L m A HZ = E 2 ~ 2a L m A HZ 

and 

E 2 ~ 2a K n A HZ = K n A HZ, 

while E 1-cr alters both L m A HZ and I\ n A HZ. We will denote ’E k ^ 1 ~ <7 ' > L m A HZ 
(—l) k 

by Lm A HZ and similarly for K n . 

The homology groups of and K± for m,n > 0 are indicated in Figures [4] and 
[ 5 J and those for S mX and S na are shown in Figunjb] 

In the following diagrams we will use the same notation for a map and its smash 
product with any identity map. Let V = mX+na with to, n > 0, and let Ry denote 
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Figure 5. Charts for H_ t . The horizontal coordinate is i and 
the vertical one is n. K n is on the left and K~ is on the right. 
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Figure 6. Charts for H^ i S mX and H^ i S n<J . The horizontal coordi¬ 
nates are i and the vertical ones are m and n. S mX is on the left 
and S na is on the right. 


the fiber of ay. Since ay is self-dual up to susupension, we have DRy = S 
In the following each row and column is a cofiber sequence. 


-1-V 


s^ncr— 1 T 

2-i J-'m 

CmX 


( 6 . 6 ) 


^-1 


^-1 


K Ct “ t 

S’ 0 

1 '-n 

Ry ° V 

i° 




I 

—>- K n 

I 

—- 1 - Ry 


\ b - X 

V' ncr T 
2-i J-'m. - 


: S ra<T L„ 


Ry. 


The homology sequence for the third column is the easiest way to compute H t S v . 
That column is 


E n<T_1 L tl 


Qiy b m \ 


in') 


(6.7) 


Cm\ 


am\ 


^ E na L, 
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which dualizes to 

Y}- na DL 7 
II 

y —V t 

or 

(6.8) T,- X ~ V L 


S~ v < Cm -- T,~ na DL r 


i-l-V j 


c m\ Q _y 


s- 


f>t.X 


Z~ v L m . 

For (6.71 the long exact sequence in homology includes 

H,S V 


TT T ( — ) 71 CmA ^ TT Oner 

H-i+l-n-^rn ^ LL/ ° 




Si-iS" 


Divisibility by a\. Multiplication by a\ keads to 


(-1)" 

CmX > h s 



A 

(-i)" 

J m' 

C™/ x 

HjS 


■ H Z S V H t _ n L ( ~ ir H i _ 1 S n 


\ C 




H l+1 _ n L { ~ 1)n 

where m' = m + 1 and a' x is induced by the inclusion L m —> L m '. 
In the dual case we get 


Zi+iS-™* H i+1+ \ v \V m 
(6-9) II f Da', 


( 1 ) c tt q—V a jj Q— ncr jj r( — l) 71 

*-£L,;0 ^~£1.:0 £1 1 ±Jri 


-(- 1 ) 


TT Q — rUT a TT T L ) ^ TT Q—V — \ L L TT Q — 1T<7 ^ rr r V - 

LAi+i* AL7-l-34-IV|tj^/ n_,J iLiP 


■iii+3+IUI^m' ^ ALi 


a A 

-V-A 1 


■ n.i + \V\ n ™, 

\ Da'-, 


-(- 1 )" 


LAi+2+IUI^m' 


Here the subscripts on the horizontal maps (toA in the top row and m'X in the 
bottom row) have been omitted to save space. The five lemma implies that the 
middle vertical map is onto when the left hand Da! x is onto and the right hand one 
is one to one. The left version of Da' x is onto in every case except i = —\V\ and the 
right version of it is one to one in all cases except i = —\V\ and i = — 1 — |V|. This 
is illustrated for small m in the following diagram in which trivial Mackey functors 
are indicated by blank spaces. 


j 

-1 

0 

1 

2 

3 

4 

5 

6 

7 

8 



H 3 L- HjLz HjLj 



It follows that the map a\ in (6.9) is onto for all i except — \V\. This is a divisibility 
result. Note that a\ is trivial on IT if X{G/e) for any X since resf(a\) = 0. 
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( 6 . 10 ) 


Divisibility by u\. For u\ multiplication we use the diagram 

H,S- V - a —^- 

“A t “A t 

•-V-A “ it Q-ncr-\ b 


t j Q—ncr 

iLi+i& 


b TT T ( — I)" 
~^ LLi+l^m 


(- 1 )" 


■t 


TT Q—na—X ^ TT T 

^ LLi+l L ‘m 


(- 1 r 


' H-i- 2*5" 


' 2-i- 


H z L m 


Ki l£ 1)t 


The rightmost u\ is onto in all cases except i = — n and n even. This is illustrated 
for n = 6 and 7 in the following diagram. 


j 

-1 -2 -3 

10 

1 

1 

1 

CO 

1 

H 3 S~ GlJ 


• 


HjS~ 6a ~ x 

• 

^ • 

0 

h 3 s- 7 ” 

^ 

• ^ 


H j S~ 7,T - x 

• 

^ • 

^ • 


Thus the central u\ in (6.101 fails to be onto only in when i = —n and n is even. 


Divisibility by a a . The corresponding diagram is 




b H r( -1 )" 

' ±Ai+l+IVI-^m 


■ H t S~ v H^S-™ 


IT Q—n'cr ^ it t ( — L 

LAj+1 D lLi+2+\V\ 1 ^rn 


■ H,S 


— V—cr 


■ H,S~ n a ^ H 


(- 1 )" 


rLi+l + \V\- Lj rn 


Here we have abbreviated n + 1 by n'. Since resf(a CT ) = 0, the map a a must vanish 
on H_ if X{G/G ')and H_*X{G/e). It can be nontrivial only on G/G. 


By Lemma 4.2 the image of a a is the kernel of the restriction map u a l res 2 and 


the kernel of a a is the image of the transfer tr 2 . From Figure [6] we see that res 
kills 7L i >S' _rao ’(G/G) except the case i = — n for even n. From Figure[4]we see that it 
kills H_jL^(G/G) for all j and HjL m (G/G) for odd j > 1, but not the generators 
for j = 1 nor the ones for even values of j from 2 to 2m. The transfer has nontrivial 
image in only for j = 1 and in FfjL m only for j = 1 and for even j from 2 

to 2m. 

It follows that for odd n, each element offf i S~ v (G/G) is divisible by a a except 
when i = — \V\ = —2 m — n. For even n it is onto except when i = —n, i = — n — 2m, 
and i odd from 1 — n — 2m to — 1 — n. 


Divisibility by U 2 a • For U 2 a multiplication, the diagram is 


tt q-ncr jt r(-l)" 


II.S- 




— K t s~ v -' 

U2C | 

H i _ 1 S-^ n+2 ^ a ^H i+1 L { ~ ir H l _ 2 S~ v ~ 2r7 ^ H t _ 2 S-^ n+2 ^H t L [ - ir 

The rightmost U 2 a is onto in all cases, so every element in LL*S~ l is divisible by 


U 2 a- 

The arguments above prove the following. 

Lemma 6.11. .RO(G)-graded divisibility. Let G = G 4 and V = mX + ncr for 
m, n > 0 . 
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(i) Each element in H_iS~ v (G/G) or H_ i S -V ( G/G ') is divisible by a\ or a\ 
except when i = — |Vj. 

(ii) Each element in Lf i S~ v (G/ H) is divisible by a suitable restriction of u\ 
except when i = — n for even n. 

(iii) Each element in H_iS~ v (G/G) for odd n is divisible by a a except when 
i = —\V\. For even n it is divisible by a a except when i = — n, i = —|V| 
and i is odd from i = 1 — | V | to ^ 1 — n. 

(iv) Each element inff i S^ v (G/H) is divisible by a U 2 a, u a oru a . 


In Theorem |6.5| we are looking for divisibility by 

G H 0 S a+x (G/G) = H^p^G/G) 


( 6 . 12 ) 


£l,3 = OcrOA 

£ 4,4 = a\u 2 a 
2 / 2,2 = a\u a 
Xq2 ®A^2<t^A 
Zs.o = u 2 a u\ 
2/4,0 — ^(j^A 


G H 2 S 2X+2cr (G / G) = H 4 S 2p (G/G) 

G H^+^Ig/G’) = H 2 S p (G/G) 

G tf 4 S 2A+2CT (G/G) = H 6 S 2p (G/G) 

G H 6 S 2X+2a {G/G) = H 8 S 2p {G/G) 

G H 3 S x+a (G/G') = H 4 S p (G/G') 

In view of Lemma 6.11[ iv), we can ignore the factors U 2 a and u a when analyzing 
such divisibility. 


Corollary 6.13. Infinite divisibility by the divisors of (6.12). Let 


V = mX + no for m, n > 0. 


Then 

• Each element of (G/G) is infinitely divisible by £ 4,3 = a a a\ for 

i > — n when n is even and for i > — n when n is odd. 

• Each element of H_iS~ v (G/G) is infinitely divisible by x 44 = a\u 2 a for 

<>-in 

• Each element of S v (G/G') is infinitely divisible by j /22 = a\u a for 

i>~\V\. 

• Each element of^S v (G/G) is infinitely divisible by £’ 6,2 = a\U 2 <jU\ for 
i > — \V\ when n is odd and for — \V\ < i < —n when n is even. 

• Each element of If i S~ l (G/G) is infinitely divisible by £g,o = U 2 aU 2 x for 
i < —n when n is even and for all i when n is odd. 

• Each element of H_ i S~' i ' (G/G') is infinitely divisible by 2/4,0 = u a u\ for 
i < —n when n is even and for all i when n is odd. 


This implies Theorem |6.5| 


7. The spectra fc R and ky 2 \ 

Before defining our spectrum we need to recall some definitions and formulas 
from IHHRa) . Let H C G be finite groups. In [HHRal §2.2.3] we define a norm 
functor Njf from the category of IL-spectra to that of G-spectra. Roughly speaking, 
for an IL-spectrum X, N§X is the G-spectrum underlain by the smash power 
with G permuting the factors and H leaving each one invariant. When G 
is cyclic, we will denote the orders of G and H by g and h , and the norm functor 
b y N h- 

There is a G 2 -spectrum MU-r underlain by the complex cobordism spectrum 
ALU with group action given by complex conjugation. Its construction is spelled 
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out in I II IRaj §B.12]. For a finite cyclic 2-group G we define 

M[/ ((G)) = N$MU r . 


Choose a generator 7 of G. In ill Ufa) (5.47)] we defined generators 


(7.1) f k = rf e tt % 2 i*c 2 MU« G »(C 2 /C 2 ) - 7 l C2 , kp2 MU^\G/G) 


(note that this group is a module over G/C 2 ) and 


r k = rf(r fc ) £ rr u {e} , 2k MU« G »(G/G) - n^MU^\{e} / {e}) = tt % k MU« G ». 


The Hurewicz images of the r k (for which we use the same notation) are defined in 
terms of the coefficients (see Definition |2.7| 


fn k G K k 2 P2 HZ (2) A MC/« g »(G 2 /G 2 ) = 7 Lc 2 , kp2 HZ m A MG« g »(G/G) 


of the logarithm of the formal group law F associated with the left unit map from 
MU to MU^ g ^ . The formula is 



where 


logjKa;) = x + ^2 m k x k+1 
k> 0 


For small k we have 

ri = (1 - 7)(hli) 
r 2 = m 2 - 27(mi)(l - 7)(mi) 

f 3 = (1 — 7 )(m 3 ) - 7 (mi)( 57 (mi ) 2 - 67 ( 7711)7711 + m 2 + 2 m 2 ) 

Now let G = G 2 or G 4 and, in the latter case G' = G 2 C G. The generators f 
are the f k defined above. We also have elements rf defined by similar formulas 
with 7 replaced by 7 2 ; recall that 7 2 (fn k ) = (—l) k m k . They are the images of 
similar generators of 


7T 


¥ P2 MU« g '»(C 2 /C 2 ) 


- —C2,kp 2 


M[/ ((G ' )) (G , /G') 


under the left unit map 


Mt/ ((G ' }) -> M[/ ((g,)) A MI/ ((g,)) =* i* G ,MU^ G)) . 


Thus we have 


rf = 2 mi 

rf = fn 2 + 4m 2 

rf = 2to 3 + 2 rSiffl 2 + 12mj 


K-O 
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If we set r 2 = 0 and r 3 = 0, we get 


rf = r- 1,0 +7-1,1 
rf" = 3r li 0 r 1(1 + r\ 1 



where r = r± and r 1.1 = j(ri). 

Definition 7.3. Ar, Kyi, fc[ 2 ] and A'p]. TTie C 2 ~spectrum Ar (connective real K- 
theory), is the spectrum obtained from MC/r by killing the r n sforn > 2. Its periodic 
counterpart A'r the telescope obtained from Ar by inverting 

ri e K P 2 kR(C 2 /C2). 

The C 4 -spectrum km is obtained from MU^ Ci ^ by killing the r n s and their 
conjugates for n > 2. Its periodic counterpart A'p] is A/ie telescope obtained from 


k[ 2 ] by inverting a certain element D £ 7 L 4 p i k[ 2 ](C 4 /C 4 ) defined below in (9.3) and 


Tabled 


The image of D in Ksp 2 k l2]{C 2 / C 2 ) = Kc 2 ,8 P2 k [2]{C 4 /C 4 ) is 


of D in K8p 2 k[2](C 2 /C 2 ) = Kc 2 ,8 P2 k [2]{C 4 /C 4 ) is 



(7.4) 


It is fixed by the action of G/G' , while its factors r 4< ori,i and r(f ) are each 


negated by the action of the generator 7 . 

We remark that while is MC/r A MC/r as a CVspectrum, km is not 

Ar A Ar as a C^-spectrum. The former has torsion free underlying homotopy but 
the latter does not. 


8 . The slice SS for AT r 


In this section we describe the slice SS for Ar. These results are originally due 


to Dugger [Dug05|, to which we refer for many of the proofs. This case is far simpler 


than that of Km, but it is very instructive. 

Theorem 8.1. The slice A 2 -terms for Ar and A'r. The slices of Kyi ore 



For Ar they are the same in nonnegative dimensions, and contractible below dimen¬ 
sion 0. 

Hence we know the integrally graded homotopy groups of these slices by the 


results of fjhj and they are shown in Figure [2j It shows the A 2 -term f° r the wedge 
of all of the slices of A'r, and Ar itself has the same A 2 -term. It turns out that the 


differentials and Mackey functor extensions are determined by the fact that 717 Ar 
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is 8-periodic, while the _E 2 -temi is far from it. This explanation is admittedly 
circular in that the proof of the Periodicity Theorem itself of i HHRal §9] relies on 
the existence of certain differentials described below in (11.21. 


Theorem 8.2. The slice SS for /\r. The differentials and extensions in the SS 
are as indicated in Figure [?| 


Proof. There are four phenomena we need to establish: 

(i) The differentials in the first quadrant, which are indicated by red lines. 

(ii) The differentials in the third quadrant. 

(iii) The exotic transfers in the first quadrant, which are indicated by blue 
lines. 

(iv) The exotic restrictions in the third quadrant, which are indicated by 
dashed green lines. 

For (i), note that there is a nontrivial element in E 3 / J (G/G), which is part of the 
3-stem, but nothing in the (—5)-stem. This means the former element must be killed 
by a differential, and the only possibility is the one indicated. The other differentials 
in the first quadrant follow from this one and the multiplicative structure. 

For (ii), we know know that 7t 7 A'r = 0, so the same must be true of 7r_ 9 . Hence 
the element in Ef 3 ’ 12 cannot survive, leading to the indicated third quadrant 
differentials. 

For (iii), note that 7r 2 and t r_ 6 must be the same as Mackey functors. This 
forces the indicated exotic transfers. For each m > 0 one has a nonsplit short exact 
sequence of C 2 Mackey functors 


n . 7^2,8772+4 jy- 77’0,8m + 2 .. 

d ^ E.2 tt-8m+2^-R ^ ik.2 

For (iv), note that 7r_ 8 and 7r 0 must also agree. This forces the indicated exotic 
restrictions. For each m < 0 one has a nonsplit short exact sequence 


0-^ £°> 8m 

K. 


7L8m K -R 

□ 


T-i— 2,8m—2 
—2 


o 


□ 


In order to describe 7 t*Ar as a graded Green functor, meaning a graded Mackey 
functor with multiplication, we recall some notation from Sjjjji) and Definition 3.4 
For G = C ’2 we have elements 


(8.3) 


a = a a £ n_ a HZ{G/G) 
u = U 2<7 € 7r 2 _ 2(T I/Z(G/ G) 

< x = u<j £ n 1 _ a HZ(G/ {e}) with x 2 = res(u ) 

Zn = e 2 np 2 G lL 2 n(a-l)HZi(G/ {e}) for n > 0 

„ a~ i tr{x~ 2n ~ 1 ) £ K( 2 n+i)(a-i)+ia H ^(G/G) for n > 0 


We will use the same symbols for the representatives of these elements in the slice 
.E^-term. The filtrations of u , x and z n are zero while that of a is one. It follows 
that a~ l tr(x~ 2n ~ 1 ) has filtration —i. The element x is invertible. 
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Figure 7. The slice SS for A'r. Compare with Figure [ 2 J Exotic 
transfers and restrictions are indicated respectively by solid blue 
and dashed green lines. Differentials are in red. 


In E* 2 * we have relations in 


(8.4) 


2a = 0 


z n = x 


-2 n 


res(a) = 0 





' 2 u n/2 

for n 

even and n > 

0 


tr(z_ 

n/ 2 ) 0 



tr(x n ) = < 


for n 

even and n < 

0 


0 

for n 

odd and n > 

-3 


. 7^0 

for n 

odd and n < 

-3 


We also have the element r\ £ n 1+a kn(G/G), the image of the element of the 
same name in r 1 £ n 1+a MU^i(G/G) of (7.1). We use the same symbol for its 
representative E^' 1+<J (G/G). Then we have integrally graded elements 

77 = afi £El’ 2 (G/G) 

V\ = x ■ res(fi) £ E^’ 2 {G/ {e}) with 7 ( 111 ) = —77 
uf{ £ E°’ 4 (G/G) 
w = 2 ur\ £ E°’ 4 (G/G) 
b = u 2 f\ £ I? 2 ’ 8 (G/G) with w 2 — 46, 


where rj and V\ are the images of the elements of the same name in ttiS° and 712 k, 
and w and b are permanent cycles. The elements cc, v\ and b are invertible. Note 
that for n < 0, 

( 0 for 71 = 1 

E^’ 2n (G/G) = < Z generated by tr{v^ n ) for n even 

[ Z/2 generated by tr(u(" n ) for n odd and n < —1 

so each group is killed by 77 = afi by|4.2| 
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Then we have 


d 3 (u)=a 3 r 1 by 

so d 3 {ur\) = d 3 (u)f\ = a 3 f 3 = rf 
tr\{ x) = a 2 ri by 

so trf(v 1 ) = r/ 2 . 


(11.3) below, 


(11.4), raising filtration by 2, 


Thus we get 


Theorem 8.5. The homotopy of /vr as an integrally graded Green func¬ 
tor. With notation as above, 


TL*Kn(G/{e}) = Zlv± 1 } 

7 L*K n (G/G) = Z[b ±1 ,w,ii]/(2'q,r] 3 ,wr),w 2 - 4 b) 


with 


tr{v\) 


res(b ) 



2 V 

for i 

= 4 j 



for i 

= 4 j 

+ 1 

wifi 

for i 

= 4 j 

+ 2 

0 

for i 

= 4 j 

+ 3 

res 

fw) = 

2v, 

and res{if) = 0 


For each j < 0, Id has filtration —2 and supports an exotic restriction in the slice 
spectral sequence as indicated in Figure [?| Both v\res{lfi) and rfilfi have filtration 
zero, so the transfer relating them is does not raise filtration. 


Now we will describe the AO(G)-graded slice spectral sequence and homotopy 
of A"r. The former is trigraded since RO(G) itself is bigraded, being isomorphic 
as an abelian group to Z ® Z. For each integer k , one can imagine a chart similar 
to Figure [7] converging to the graded Mackey functor n_k a +* -Kr- Figure [7] itself is 
the one for k = 0. The product of elements in the kt h and £th charts lies in the 
(k + £)th chart. We have elements as in (8.3) 


a = a a G El’^iG/G) 
u = u 2 a G E°’ 2 ~ 2 a (G/G) 
x = u„GE°’ 1 -°(G/{e}) 
z n = x~ 2n eE°’- 2 n+ 2 na (G/{e}) 
a~ i tr(x~ 2n ~ 1 ) e Ef L -i-2™+ 2 n<7( G / G ) 

Fi G A°’ 1+ff (G/G) 


with 7 (x) = —1 and x 2 = res(u ) 
for n > 0 

for i > 0 and n > 0 


where a, x , z n and ri are permanent cycles, both x and ri are invertible, and there 
are relations as in (8.41. We also know that 

d 3 (u) = a 3 fi _ 

and tr\(x) = a 2 r\ by (11.41. 


by (11.3) below 


Theorem 8.6. The i?0(G)-graded slice spectral sequence for A'r can be 

obtained by tensoring that of Aigurej^ with Z [r^ 1 ], that is for any integer k 

E% t+ka (G/G) ^ r\Ef/~ k {G/G) 
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and E 2 ’ t+kcr (G/{e}) = res{r k )E 2 ’ t k (G/ {e}) 
and n t+krJ Kfi has a similar description. 

Proof. The element r\ and its restriction are invertible permanent cycles, so mul¬ 
tiplication by either induces an isomorphism in the spectral sequence. □ 


Remark 8.7. In the AO(G)-graded slice SS for A:r one has d 3 (u) = rqa 3 , but 
a 3 itself, and indeed all higher powers of a, survive to E A = E OQ . Hence the E OQ - 
term of this SS does not have the horizontal vanishing line that we see in E^-term 
of Figure^ However when we pass from &r to Ar, f\ becomes invertible and we 
have 

d 3 (rf 1 u) = a 3 . 


We can keep track of the groups in this trigraded SS with the help of four variable 
Poincare series g(E r (G/G )) £ Z[[x,y, z,t]] in which the rank of Ef.’ l+:icr (G/G) is 
the coefficient in Z[[£]] of x l ~ s y^z s . The variable t keeps track of powers of two. 
Thus a copy of the integers is represented by 1/(1 — t) or (when it is the kernel of 
a differential of the form Z—►Z/2)t/(l — t). Let 

(8.8) a = y~ 1 z, u = x 2 y~ l and r = xy. 


Since 
we have 


E 2 (G/G) = Z[a,u,r 1 ]/(2a), 


g(E 2 (G/G)) = 


1 — t 1 — a) (1 —u)(l —r) 


g{E 4 {G/G))=g{E*(G/G))- 


u + rer 


(1 — a)(l — u 2 )( 1 — r) 

We subtract the indicated expression from g(E 2 (G/G)) because we have differeren- 


tials 


d 3 (a i r° l u 2k+1 )=a-'"rp-u 


i+3^i + l,,2fe 
1 


for all i,j, k > 0. 


Pursuing this further we get 
g{E A {G/G))=‘ 1 


1 — t 1 — aJ (1 — u)(l — r) (1 — w 2 )(l — r) 
au + rd 3 


(1 — a)( 1 — w 2 )( 1 — f) 

1 + u — u( 1 — t ) a(l + u) — a{u + d 2 r) 


(1 — t)( 1 — u 2 )( 1 — r ) (1 — a)(l — u 2 ){ 1 — f) 

1 + tu a — a 3 + a 3 — a 3 f 

(l-£)(l-M 2 )(l-f) + (1 — a)(l — u 2 )(l — f) 


1 + tu 


a + a 


(1 — t)(l — u 2 )(l — r) (1 — m 2 )(1 — f) (1 — a)(l — u 2 )' 

The third term of this expression represents the elements of filtration above two 
(referred to in 8.7) which disappear when we pass to A'r. The first term represents 
the elements of filtration zero, which include 


(8.9) 


[2m] £ (2, a, a 2 r i) and [u 2 ] £ (a, a 2 r 3 a, a 2 rf) 
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Here we use the notation [2u] and \u 2 ] to indicate the images in E 4 of the elements 


see Remark 4.1 below. The former not divisible by 2 and the 


2 u and u 2 in E[ 2 , 

latter is not a square since u itself is not present in where the Massey products 
are defined. For an introduction to Massey products, we refer the reader to [Rav 86 l 
A1.4], 

We now make a similar computation where we enlarge E 2 (G/G) by adjoining 
rj -1 it and denote the resulting SS terms by E / 2 and E 4 . 

Let 


w = r 


_ 1 xs _Q 

u = xy . 


Then since 


E , 2 (G/G) = Z[a^ 1 u,r 1 \/(2a), 


we have 


g(M(G/G )) = 


1 a 

+ 


1 


1 — t 1 — aJ (1 — u?)(l — r) 


g(E 4 (G/G)) = g(E 2 (G/G)) - 


1 a 

+ 


w + a 6 


(1 — a)(l — w 2 )(l — f) 

1 


1 — t 1 — aJ (1 — w)(l — r) (1 — u; 2 )(l — f) 


aw + a 


(1 — a)(l — w 2 )(l — f) 

l + w — w(l — t) a(l + w) — a(w + a 2 ) 


(1 — t){l — w 2 )(l — r) (1 — a)(l — w 2 )( 1 — f) 


1 + tw 


a + a 


(1 — t)(l — {c 2 )(l — r) (1 — m ; 2 )(1 — f) 


and there is nothing in E\ with filtration above two. As far as we know there is no 
modification of the spectrum fcR corresponding to this modification of E r . However 
the map E r kn —>• E r I\^i clearly factors through E' r 


9. Some elements in the homotopy groups of fc[ 2 ] AND K [ 2 \ 

For G = C 4 we will often use a (second) subscript e on elements such as r n to 
indicate the action of a generator 7 of G = C4, so 7 ( 27 ) = X\+ t and X 2 +e = ±x € . 
Then we have 

(9.1) 7 r“fc [2] = 7 r„fc[ 2 ](G/{e}) = n {e} „k [2] (G/G) = Z[n, 7 (ri)] = Z[n, 0) r M ] 

where 7 2 (r l e ) = — e . Here we use ri e and T\ e to denote the images of elements 
of the same name in the homotopy of MU^ G ^. 
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(9.2) 


a\ 








(Lcr 0'<J2 


n V 






^2 a 

'U'CT 2 U\ 


r 1,0 ri,i 


h t 2 

61 

-2 

-1 

0 

1 

2 

3 

4 


Here the vertical coordinate is s and the horizontal coordinate is i — s. More 
information about these elements can be found in Table [3] below. 

We are using the following notational convention. When x = tr 2 (y) for some 
element y £ 7 L+k[ 2 ](G/G'), we will write x' = tr 2 (u a y). Examples above include 
the cases x = ?y and x = t?. The primes could be iterated, i.e., we might write 
x (k) _ tr^iu^y), but this turns out to be unnecessary. 

The group action (by G' on r i jC , a a2 and u„ 2 , and by G on all the others) fixes 
each generator but u a and u a2 . For them the action is given by 


and 


by Theorem 2.13 This is compatible with the following G-action: 


ri,o 

7 a 


— 0,1 ■<- 


■ r i,i where r he = rf(r li£ ) £ 7r {e} 2 fc [2] (G/G). 

I 7 

~r i,o 


We will see below (Theorem 11.131 that d^{u 2 a) = a^axQi and [u 2a } is a per¬ 
manent cycle. Since all transfers are killed by a a multiplication (Lemma |4.2[ ), this 
implies that [u 2cr x] is a permanent cycle representing the Toda bracket 

[u 2 <jx} = [U 2 <rtr%(y)] = (x, a a , ala\f) i). 


This element is x" since in E 2 we have (using the Frobenius relation (2.4)) 
x" = tr 2 {u 2 a y) = tr 2 ( 7 -es\(u 2 a)y ) = u 2r7 tr 2 (y) = u 2a x. 
Similarly x'" = U 2 ax '. For k > 4, x^ = u 2rj x^ k ~ AS> in 7T* as well as E 2 . 


The Periodicity Theorem 111 11 Hal Thm. 9.19] states that inverting a cl ass in 
7r 4p4 fc[2](G/G) whose image under r^res 2 is divisible by 0 r^i (see (7.21) and 
fi.ofi.i = F^qF^i makes us Pi a permanent cycle. One such class is 


(9.3) 


D = N${d$' )c>f =u 2 *{rjresi) 1 (rf 


4\—1 I^G ¥ G =G' 
O' 1,1'3,0'3,1 


— c)f (—5 1 2 + 20t 2 T>i + 95 2 ) £ 7T 4p4 fc[ 2 ] (G/G) 


where t 2 = ^ 2 ( u a 1 [ r i 0 ]) an d ®i is as i n (9-5) below, 


and K[ 2 ] = D 1 k\ i 2 j. Then we know that E 32 /\[ 2 j is equivalent to iv[ 2 ] ■ 
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The Slice and Reduction Theorems IHHRal Thins. 6.1 and 6.5] imply that the 
2 fcth slice of fc[ 2 ] is the 2 fctli wedge summand of 

HZ A N 2 j \J S ip2 

\i> 0 

It follows that over G' the 2fcth slice is a wedge of fc + 1 copies of HZAS kp2 . Over G 

we get the wedge of the appropriate number of copies of G + A HZ A S kf>2 , wedged 

G' 


below. 

The group 7 r G k[ 2 ](G'/ {e}) is not in the image of the group action restriction r 2 
because p 2 is not the restriction of a representation of G. However, TT 2 k [ 2 ] is refined 
(in the sense of lllHRa Def. 5.28]) by a map from 


with a single copy of HZ A S for even k. This is spelled out in Theorem 


10.2 



(9.4) 


S P2 := G+ A S » 2 


C[2]- 


The Reduction Theorem implies that the 2-slice P 2 k [ 2 ] is S P2 A HZ. We know that 

tt 2 (S P2 A HZ) = □. 

We use the symbols rr and 7 (ri) to denote the generators of the underlying abelian 
group of a(G/{e}) = Z[G/G"]_. These elements have trivial fixed point transfers 
and 

tt 2 (S P2 AHZ){G/G') =0. 

Table [3l describes some elements in the slice SS for fc[ 2 ] in low dimensions, which 
we now discuss. 

Given an element in we will often use the same symbol to denote its 

image in 7 r*fc[ 2 j. For example, in [HHRal §9.1] 

(9.5) € 7f 2 „_ 1 )p 4 MC/« G » = tt % n _ 1 )p MU^\G/G) 

was defined to be the composite 

£(2" —1)P4 jV 4g(2"-l)p 2 - N 2T2^-i ^ N 4 MU {(G)) - 

We will use the same symbol to denote its image in k [ 2 ] (G/G). 

The element 77 £ ttiS 0 (coming from the Hopf map S 3 -A S 2 ) has image 
a G r 1 S 7t g k-£i{G’/G'). There are two corresponding elements 

Ve € 7 Li k[ 2 ](G'/G') for e = 0,1. 

We use the same symbol for their preimages under r 2 i n 7 Lik[ 2 ](G/G'), and there 
we have 

r] e = a a2 f M . 

We denote by rj again the image of either under the transfer tr 2 , so 

res 2 {i 7 ) = 770 + 77 !. 

Its cube is killed by a d 3 in the slice SS, as is the sum of any two monomials of 
degree 3 in the rj e . It follows that in E 4 each such monomial is equal to 77 ^. It has 
a nontrivial transfer, which we denote by X 3 . 














46 


MICHAEL A. HILL, MICHAEL J. HOPKINS, AND DOUGLAS C. RAVENEL 


In [HHRaj Def. 5.51] we defined 

(9.6) f k = a*N°(r k ) £ n k MU« G »(G/G) 

for a finite cyclic 2-group G. In particular, f 2 n- 1 = a| for d n as in (9.5). The 
slice filtration of f k is k(g — 1) and we will see below (Lemma |4.2| and, for G = C 4 , 
Theorem 11.13) that 

(9.7) tr§,(u a ) = a a fi. 

Note that u a £ .E 2 ' 1 ~ <T (G/G , ) since the maximal subgroup for which the sign 
representation cr is oriented is G' , on which it restricts to the trivial representation 
of degree 1. This group depends only on the restriction of the RO (G)-grading to 
G', and the isomorphism extends to differentials as well. This means that u a is a 
place holder corresponding to the permanent cycle 1 £ E?,’ 0 (G/G'). 

For G = C 4 ([T7} implies 

tri(u a ) = a a fi = ala\f)i. 


For example 


tr\tivoVi) = tr 2 ( a l 2 r i,ori,i) = tr|(u CT res 2 (aAi>i)) 
= tr^{u a )a\X)i = a„fia\bi = f\ 


The Hopf element v £ 713 S° has image 

a CT UA5i £ 7L 3 k[ 2 \(G/G), 


so we also denote the latter by v. (We will see below in (11.7) that u\ is not a 
permanent cycle, but V := a a u\ is (11.81.) It has an exotic restriction t/jj (filtration 
jump two), which implies that 

2v = trj(resj(v)) = tr%(r) q ) = x 3 . 

One way to see this is to use the Periodicity Theorem to equate 7r 3 fc[ 2 ] with 7 r_ 2 gfc[ 2 ], 
which can be shown to be the Mackey functor o in slice filtration —32. Another 
argument not relying on periodicity is given below in Theorem |11.13[ 

The exotic restriction on v implies 

res\{y 2 ) = r)%, 

with filtration jump 4. 


Theorem 9.8. The Hurewicz image. The elements v £ 7r 3 k[2](G/G), 
e £ 7 t 8 /c[ 2 ] (G/G), k £ 7r 14 fc[ 2 ](G/G), and k £ 7 r 20 A[ 2 ] (G/G) are the images of el¬ 
ements of the same names in n*S°. The image of the Hopf map rj £ niS 0 is either 
V = tr 2 (77 £ ) or its sum with /j. 

We refer the reader to |Rav861 Table A3.3] for more information about these 
elements. 


Proof. Suppose we know this for v and k. Then Af A u is represented by an element 
of filtration —3 whose product with v 2 is nontrivial. This implies that u 3 has 
nontrivial image in 7 r 9 fc[ 2 ](G/G). This is a nontrivial multiplicative extension in 
the first quadrant, but not in the third. The spectral sequence representative of u 3 
has filtration 11 instead of 3. We will see later that o 3 = 2 n where n has filtration 
1 , and v 3 is the transfer of an element in filtration 1 . 
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Since u 3 = ije in 77 * 5 °, this implies that and e are both detected and have the 
images stated in Table[3j It follows that eE has nontrivial image here. Since k 2 = eTt 
in 77 * 5 °, k must also be detected. Its only possible image is the one indicated. 

Both v and 7t have images of order 8 in ir x TMF and its K{2) localization. The 
latter is the homotopy fixed point set of an action of the binary tetrahedral group 
G 24 acting on E 2 . This in turn is a retract of the homotopy fixed point set of 
the quaternion group Q 8 . A restriction and transfer argument shows that both 
elements have order at least 4 in the homotopy fixed point set of G 4 C Q$- 

There is an orientation map MU —¥ E 2 , which extends to a G 2 -equivariant map 
ME/r —> E 2 ■ Norming up and multiplying on the right gives us a Gj-equivariant 
map 7 V|M[/r —> E 2 . This C 4 -action on the target is compatible with the G 24 - 
action leading to L K t 2 )TMF. 

The image of 77 £ niS° must restrict to 770 + 771 , so modulo the kernel of res 2 it 
is the element tr^ije), which we are calling 77 . The kernel of res| is generated by 

A. “ □ 

We now discuss the norm N 2 , which is a functor from the category of CVspectra 
to that of C 4 spectra. As explained above in connection with Corollary |4.8[ for a 
C^-ring spectrum X we have an internal norm 

77 $i* G ,X(G'/G') = 7rg: >y A(G/G) -A 77 g^ v X(G/G) 

and a similar functor on the slice spectral sequence for X. It preserves multiplication 
but not addition. Its source is a module over G/G', which acts trivially on its target. 
Consider the diagram 

~ AT 4 

77 G , >y X(G/G) -=^^,X(G"/G') ^,77f nd 4 y X(G/G) 

4 

res 2 

v 

77 G , ; 2 y X(G/G) ^ 77 2 g ;^A(GVG') ^77g nd 4 y X(G/G') 

For x £ 77 y , * G ,A'(G , /G') we have xy(x) £ Trg^ig/A^G'/G') and 2V is the restric¬ 
tion of some W £ RO(G). The group 7 t^X(G/G') depends only on the restriction 
of W to RO(G'). If W' £ RO{G) is another virtual representation restricting to 
2V , then W — W’ = k( 1 — a) for some integer k. The canonical isomorphism 
between 77 ^X(G/G') and 77 y ,,A(G/G') is given by multiplication by zt*. 

Definition 9.9. A second use of square bracket notation. For 0 < i < 2d, 

let f(r poiD,].) be a homogeneous polynomial of degree 2d — i, so 

a l 2 f(ri,o,ri,i) € 7ky2d-i)+(2d-2i)aJ*G'h , A^G'/G') 

We will denote by [a^ 2 /(D,o>D,i)] preimage in lL 2 d-i+(d-i)\k[ 2 ] (G/G') under 
the isomorphism of {2. IJffj . 

The first use of square bracket notation is that of Remark |4.1[ Note that 
rqe £ 7rg 2 z G /&[ 2 ] is not the target of such an isomorphism since p 2 £ RO(G') is 
not the restriction of any element in RO{G), hence the requirement that / has 
even degree. 
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We will denote u a 1 [r f ] £ l£ i k[ 2 ]{G / G') by s 2 ,e- Then we have 7 (s 2 ,o) = 
and 7 (s 2 ,i) = —S 2 ,o- We define 

h ■= {-l) e tri(s 2 ,e), 

which is independent of e, and we have 

respite) = s 2 , 0 - s 2 ,i- 

Then we have 

resj(N$(r i, 0 )) = resifii) = oFi.i] £ 7L Pi k[ 2 ](G/G 1 ). 

More generally for integers m and n 
res^N^ (mfi i0 + nri,i)) 

= u~ l \(mr\fi + nfi,i)(mri i i - nFyo)] 

= u-\{m 2 - n 2 )[ri i0 r M ] + mn([r? >1 ] - [r 2 ^])) 

= (m 2 — n 2 )res2(3i) — mnres 2 (t 2 ) 
so 

(9.10) N^{mf i j0 + nrip) = (m 2 — n 2 )ti i — mnt 2 . 

Similarly for integers a, b and c, 

« 4 ’-es 2 (iV'! (ar 2 0 + &ri, 0 ^ 1,1 + cr 2 ^)) 

= [(of?, 0 + br i, 0 ri,i + crf >1 )(arf 1 - &Fi,otT,i + cr 2 0 )] 

= M^lo + ^, 1 ) + 6(c - a)rT,oFi,i(r? i0 - r 2 a ) + (a 2 - & 2 + c 2 )r? 0 r 2 J 
= [ac(r 2 0 - r^) 2 + b{c - - r? 4 ) + ((a + c) 2 - & 2 )r? >0 r? ;1 ] 

SO 

(9.11) N% (ar 2 0 + &Fi, 0 ^ 1,1 + cr 2 x ) = act 2 + b(c - a)dit 2 + ((a + c) 2 - fr 2 )h 2 
For future reference we need 

^2 ( 5 f i,o f M + Sn.of^i + f i,i) 

= ^2(^1,1)^2 ( 5 f i,o + 5 ri, 0 Fi,i + r 2 i)) 

= -Di(5<2-2ODit 2 + ll0i) 


-S2,l 


Compare with (7.2). 


We also denote by 

Ve = [ao-2 f l,e] e 7Llk[ 2 ](G/G') 

the preimage of a CT2 ri, e £ 7rf *g?'^[ 2 ](G r/ /G r/ ) and by [a 2 J £ 7 £_\k[ 2 ](G/G') the 
preimage of a 2 ,. The latter is resf(av). 


The values of fV|(a cr2 ) and AT? (u 2a2 ) are given by Lemma 

N|(<v 2 ) = «A 

and N%{u 2(T2 ) = u 2 X /u 2a . 


4.9 


namely 
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Table 3. Some elements in the slice SS and homotopy groups of 
k[ 2 ], listed in order of ascending filtration. 


Element 

Description 


Filtration 0 

ri,e £ ■K%i* G 'k[2]{G'/G') 

= K G ’, P A 2]{G/G) 

with r 1)2 = —ri )0 

Images from (7.1l defined in HHRa, (5.47)] 

r l,e £ 7L{ e } ,2 k [2](G / G) 

-TLG, 2 k l 2 ](G/ {e}) =7 T%k[ 2 ] 
U 2 a e E%' 2 - 2,7 (G/G) with 

r 4 (ri j£ ), generating 

7r 2 k\ 2 \ /torsion = □ 

Element corresponding to 

d 5 (u 2 a) = ala\d 1 
[ 2 rt 2 cr] = (2, a a , ala\f) i) 

€ ^6’ 2_2ct (G/G) 

[«L] = («a a A, t>i, ala\, hi) 

£ £°’ 4 4<T (G/G) 

u 2a £ 7L2-2 r ,H'L{G/G) 

Slice differential of (11.3) 

Image of 2u 2(T in E 6 ’ 2 ~ 2a (G/G), which is a 
permanent cycle 

Image of u 2 a in E^’ 2 2a (G/G), which is a 
permanent cycle 

u a £ Ki- a k[ 2 ]{G/G') 

- Kg', o k [ 2 ](G/G) with 

res\(u 2 a) = u 2 g , 

7 (u ct ) = -u a 
tr*(uf +1 ) = dcfiull 
(exotic transfer) 
tr^{ul k ) = 2u^ 

tri « k ' +3 ) = 0 

w A G E_I a ~ a {G/G) with 

Isomorphic image of 

1 £ 7 Lo k [2 ]{G/G') = tt g , 0 k[ 2 ](G/G) 

Follows from Theorem 4.4 and d 3 {u 2 a) in 
(11.3) 

Element corresponding to 
u\ £ 7r 2 _ A TFZ(G/G) 

[2m a ] £ Z2 -xK [2 ] (G/G) 
a 3 a u\ = 0 

(2, r], a\) 

Follows from the gold relation, 

^(ma) = va\ = tr%([al 2 r lfi ]) 

d 5 ([«*]) = Va l?>i 

<M[2« A ]) = rfa^Oi 
[4 u 2 } £ 7t 4 _ 2A /l [2] (G/G) 

[2a<rW A ] £ 2t4— CT —2A-ftj2](G/G) 
rf r([«i]) = (*?', v, a^Oi)a^0i 
[2 m a ] £ 7Tg_ 4A K\2] (G/ G) 
u\ £ E^ 2 ~ a (G/G') with 

Lemma 3.6 vii) 

Slice differential ol Theorem 11.13 

Slice differential of Theorem 11.13 

2ua A c)i 

(2, r), a x ) 2 = (2, rf, a A t>i) 

(a CT , if, a^Di) 

[2 nld(ul)] 
tr 2 (wt) 

res\(u\) 

^3(ma) = [ a CT 2 (^l,0 + 7%l)] 

= r es 2 (a A )( 7 7o + Vi) 

[2u\] £ 7t 2 _ a A'[ 2 ](G/G') 
d 7([w|]) = a 7 a2 r 3 h o 
[2 m a ] G 7r 4 _ 2A /\[ 2 ](G/G') 

[«!] £ —8—4A^[2] (G/G / ) 

resj{d 3 (u\)) 

[(2, a 3 2 , ri, 0 + rip)] = (2, [a£j, 770 + ??i) 
res%{d 5 (u 2 x )) 

[( 2 , al 2 , r?, 0 >] = ( 2 , Kp, % 3) 

= ([o 2 J 2 > Vl [<] 2 , V 3 o) 


Continued on next page 
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Table 3. Some elements in the slice SS and homotopy groups of 
k[ 2 ], continued. 


Element 

Description 

u *2 e 7L(G',i-a 2 ) k m( G / e ) with 

resl(u x ) = ul 2 , 

7 2 {u<j 2 ) = ~u a2 and 
tr\{u G2 ) = fl£ 2 (fi, 0 +fi,i) 

(exotic transfer) 

Isomorphic image of 1 G 7 Lok[ 2 ](G/e) 

S2, e e^>[2l(G/G') 

Ua L [r'i, e ] 

3i G 7T^ 4 fc[ 2 ](G/G) with 

res|( 0 i) = 0 ri,i] 

Image from (9.5) defined in (HHRa, §9.1] 

h G 7r^ 4 fc [2 ](G/G) with 
reslfe) = S2,o - S2,i 

(—l) £ fr|(s 2i£ ) for either value of e 

t 2 e ff°+A fc [ 2 ](G/G) with 

res%(t 2 ) = [rf i0 ] + [r? a ] 

fr|([r 2 e ]) for either value of e 

D G 7r 4p4 fc[ 2 ] (G/G), 
the periodicity element 

-3?(5 ? 2 - 20t 2 hi + 113?) 

S 2 , e G E^k [ 2 ] {G/G') with 

E 2j2 = ^2,0 and 
rf3(S 2 ,e) = Ve(V 0 + Vl) 

(-l) £ M P4 s 2 , e = (-l) £ u A [r? e ] 

T 2 g E" A k [ 2 ] (G/G) with 
res|(T 2 ) = E 2 ,o - S 2 ,i and 
d 3 (T 2 ) = r , 3 

ir|(S 2;e ) = (-l) £ u A frf([r? ie ]) 
for either value of e 

T 4 g ^’“fc[ 2 ](G/G) with 

T| = A 4 (T 2 2 - 4A 4 ), 
resf(T 4 ) = (E 2 ,o - E 2 ,iMi and 
d 3 (T 4 ) =0 

(-l) £ tr|(S 2j£ 5i) = u 2 a u 2 > t 2 b 1 
for either value of e 

(Si G E" A k [ 2 ] (G/G') with 

7(<5i) = -5i, tr$( 6 i) = 0 
and d 3 ( 6 i) = ??o7i( ? 7o + Vi) 

u P 4 res%(f) i) = u A [ri,ori,i] 

Ai G E"’ s k [ 2 ] {G/G) with 
resf (Ai )= <5f, 
resf(Ai) = r 2 0 r 2 1 and 
d 5 (Ai) = vx 4 

M2 P4 5? = u 2 a ulZ>l 

Filtration 1 

a<r 2 £ ^G'.-<t 2 ^[2](G/G) 

— T-ct 2 &[2] (G'/G') 

with 2a CT2 = 0 

See Definition 3.4 

77 e G7rifc[2](G/G0 

— 7rf , fc[ 2 i(G , /G') with 2 r\ t = 0 

K 2 Fl,e] 

r] G 7r^fc[2](G/G) with 
res%(ij) =r ] 0 + r ] 1 

G Trf fc [2] (G/G') 

tr 2 (Ve) = ^ 2 ([a«T 2 ri,o]) = tr%([a (72 r 1 ,i]) 

Continued on next page 
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Table 3. Some elements in the slice SS and homotopy groups of 
k[ 2 ], continued. 


Element 

Description 

11 € 7T 2 _ a k [2 ]{G/G) with 
resj(rj') = u a (r]o + r]i) 

€ 7L2-crk\2}{G/G') 

tr^ivoUa) = tr^([a a2 r lfi \u a ) 

= tr%([a a2 ri' i]u a ) 

V £ 7 l 2 -a-\ k [ 2 ](G/G) with 
res\(v) = u rJ [al 2 r 1}0 ] 

(exotic restriction) 

217 = ifa\ 

r]v = a A (2, a a , fl) 

= a x (2, a a , tTzirjoVi)) 

Tj'V = 0 

a a V = a\tr%(ul) 

a 2 a V = 0 

K^a] = (a CT , 
Follows from T 
Theorem 11.12 
Transfer of the 

[a 2 a u\\ = a x 
Lemma 3.6 vii 
[<4 «a] = a x a a t 

h «a) 

'heorem 4.4 and d 3 (u x ) in 

above 

2 m 2 ct] by the gold relation, 

4(0 = 0 

£ e 7T 4 _ 3(T _ A fc [2 ](G/G) with 
res^(C) = a^ulfx.o 

2£ = a x (v', a 2 a , fi) 

d 5 {u2au\) = £a A 0i 
nf = 2a\u% a d 1 

(exotic multiplication) 

= ala 3 x uUl 

(exotic multiplication) 

[vu 2 a\ = (v, a%, fl) 

Follows from value of res\(v) 

Transfer of the above 

v £ 7T 3 kf 2 ](G/G) with 
res\(v) = T]q and 2v = x 3 
(exotic restriction 
and group extension) 

a a u\ hi = FOi, generating o = 7r 3 fc[ 2 ] 

Follows from those on V 

Filtration 2 

£ 7^ A fc[2](G/G , ) 

Preimage of a 2 nn £ 7L-2aJh'k\2](G'/G') 

a a £ 7T_ A fc[ 2 ](G/G) with 

4a A = 0 and res|(a A ) = [a£J 

See Definition 

3.4 

Vei VoVi £ 7^^fc [ 2](G/G , ) with 

tr^iVe) = (—l) £ a A t 2 and 
triiVoVi) = fi (exotic transfer) 

Ucr[ai 2 }s 2 ,e and ^[a^Jres^Oi), 
generating the torsion • © T in idf fc[ 2 ] 

rj 2 = ax{t' 2 + ala x ^\) = a x t' 2 + fi 
W = a A [u 2<T i 2 ] 

W) 2 = ax[u2oi' 2 \ 

a x tf has order 2 by Lemma 4.2 

See (11.5) for the definition of [ 112 ^ 2 ] and 
[U 2 J 2 ] 

v 2 £ 7Tgfc[2l(G/G) 

2axuxu 2 a^l = (2, rj, / 1 , fl) 

K £ 7T 14 fc[2l(G/G) 

2a x ul a upl 

Filtration 3 

fi £^ [2 ](G/G) 

a a a\d 11 generating the summand • of 7r 1 fc[ 2 l 

??o = VoVi = VoVi = Vi 

€ (G/G' / ) 

r] e u a [al 2 ]res^(di) = r] e u a [al 2 ]s 2 ^ 

Continued on next page 
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Table 3. Some elements in the slice SS and homotopy groups of 
k[ 2 ], continued. 


Element 

Description 

x 3 G T£ 3 k[ 2 \(G / G) 
with res 2 (x 3 ) = 0 

tr 2 (.VoVi ) = axv'Qi 

Filtration 4 

x 4 G El’*(G/G) 
with d 5 (x 4 ) = fi , 

res| (^ 4 ) = (voVi) 2 = Vo 
and 2x 4 = f\v 

a\u 2<T X)\ 

k G 7r 20 fc[2](G/G) 

2 k = tr 2 (u a res 2 (u 2a u^f>i)) 

(exotic transfer) 

n 2 ?/ 3 ?/ 4 D 6 
a \ U 2a U \Vl 

Filtration 8 

e G 7r 8 fc[ 2 | ( G/G ) 

x\ = (A, fl fi, A 2 ) G El^(G/G) 

Filtration 11 

i/ 3 = 77 c G 7 L 9 k\ 2 ](G/G) 

Represents f\x\ G E^' ZU (G/G) 


10. Slices for k[ 2 ] and K^ 2 \ 

In this section we will identify the slices for k [ 2 ] and K \ 2 1 and the generators of 
their integrally graded homotopy groups. For the latter we will use the notation of 
Table |U Let 

j Y7 npi HZ for m = n 

( 1(U ) Xm ’ n = | G+ A for m < n. 

The slices of fep] are certain finite wedges of these, and those of A'p] are a certain 
infinite wedges. Fortunately we can analyze these slices by considering just one 
value of m at a time, this index being preserved by the first differential d 3 . These 
are illustrated below in Figures [9|[T2| They show both E 2 and IJ 4 in four cases 
depending on the sign and parity of m. 


Theorem 10.2. The slice A 2 -term for k[ 2 1 . The slices of k[ 2 \ are 


P t k [ 2 ] = 


Vo<m<t /4 X m,t/ 2 -m for t even and, t> 0 
* otherwise 


where is as in [10.1). 

The structure ofnfk[ 2 ] as a Z[G]-module (see (9.1)) leads to four types of orbits 
and slice summands: 

( 1 ) {(ri,ori,i) 2 ^} leading to X 2 n^ for t > 0 ; see the leftmost diagonal in 
Figure [s| On the 0-line we have a copy of □ (defined in Ta&Ze[^) generated 
under restrictions by 

Ai = = uluf*? G E°’ 8 \G/G). 
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In positive filtrations we have 

o Q generated by 

G E^’ st (G/G) for 0 < j < 21 and 
• C pf^k+itse generated by 

a 2 a k al e u e 2 - k vf G E_l k+U ’ U {G/G) for 0 < k < L 

(2) {(ri i oTi i i) 2f+1 } leading to -X^+i^+i for I > 0; see the leftmost diagonal 
in Figure \Ti\ On the 0-line we have a copy ofn generated under restric¬ 
tions by 

8 ?+1 = uf +1 resi(u ) fi 1 ) 2t+1 G E°’ 8e+4 (G/G'). 

In positive filtrations we have 

• C E^’ &e+4 generated by 

u 2 J +1 resi(a{ul e+1 ~ j dl e+1 ) G E^ j,se+4 (G/G') for 0<j<2i+l, 

• C pf^> +1 ’ 8e+4 generated by 

+1 G ^ i+1 ’ M+i (G/G) for 0 < j < 21 + 1 and 

• Q £'2fc+«+3,8^+4 generated by 
a 2 jc+i a 2 e+i u e-k^+ 1 e ^2fe+4£+3 > 8£+4^ G/ , G ^ for 0 < k < £. 

(3) { r\ 0 rfr,rf 0 -V! x } leading to for 0 < i < £; see other diagonals 

in -F%we[£| On the 0-line we have a copy ofn generated (under tr 2 , res\ 
and the group action) by 


uis e 2 ~ l res 4 2 (u^\) G E°’ 4e (G/G') 

In positive filtrations we have 

• C E#’ 4 generated by 

u e tr 4~ tre 4( a { ue ~ J Q\) 

&E 2 2 jM {G/G') for 0 < j < £ 

= ry 2 ' J M^. _ ' J S2 _l_,7res 2( u A _:, ^i) f or 0 < j < £ — i. 


(4) K 


2£+l—i 2t+l—i 


0 ' 1,1 


1,0 


r\ j} leading to X i 2 e+i-i for 0 < i < £; see other 


diagonals in Figure 


10 


On the 0-line we have a copy of □ generated 


(under transfers and the group action) by 

?’i,or-es^(44 _l ) res i( u A^i) G # 2 M+2 (G/{e}) 


In positive filtrations we have 

• C E^ +1 ' ie+2 generated by 

0eui4~ Xre 4( a \ u A _ ^l) 

G E_l j+1 ’ U+2 (G/G') for 0 < j < £ 

= 77 2 ' J + 1 W^ _ ' 7 S2 _I_ ' 7reS 2( U i _ ' J ^l) f 0r 0 < j < £ ~ i- 
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Corollary 10.3. A subring of the slice E 2 - term. The ring Egk^] (G/G 1 ) con¬ 
tains 

Z[(5l, S2,ej '■ e = 0: 1]/ (2 Tl e , Sf — 5^2,0^2,1, l] e 5^2,e+1 + T)i+ e Si) ; 
see Table [3] for the definitions of its generators. In particular the elements go and 
rji are algebraically independent mod 2 with 

ftfl”) e n m+n X myn (G / G') for m < n. 

The element (gogi) 2 is the fixed point restriction of 

U2,a 2 x ti e E^ 8 k [2] (G/G), 

which has order 4, and the transfer of the former is twice the latter. The element 
goVi n °t' m the image of res 2 and has trivial transfer in E_ 2 . 

Proof. We detect this subring with the monomorphism 

E 2 k [2] (G/G') -^E 2 k m (G'/G') 


Ve 1- 

->- a^ri.e 

1 


L2,e 1 

> ^2(7' l ?e 


-^ W2ari, 0 ri,i 


in which all the relations are transparent. 


□ 


Corollary 10.4. Slices for K [ 2 ]. The slices of are 

pi K 2 =/ Vm<t /4 X m,t/2—m for t even 
* ^ ■ * otherwise 


where X miTl is as in Theorem 10.2 Here m can be any integer, and we still require 
that m < n. 

Proof. Recall that AAi is obtained from k[ 2 ] by inverting a certain element 

D S 7r 4p4 /c[ 2 ](G/G) 

described in Table [3j Thus Apj is the homotopy colimit of the diagram 


S[2] 


D 




[ 2 ] 


D 


[ 2 ] 


D 


Desuspending by 4p 4 converts slices to slices, so for even t we have 


= s_4 ^ 4p t +i 1 6^[2] 


fc—Kx> 

= lim E" 4fep4 \/ ^m,t/2+8k-m 

0<m<t/4+4fe 


x„ 


= lim 

k—> oo 


V 


X, 


m—4k,t/2-\-4k—m 


0<m<t / 4+4/c 

Xm,t/2—r 

—4k<m<t/4 

= \J Xm,t/2—m • n 


= lim 

k—> oo 


m<t/4 
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Corollary 10.5. A filtration of k p]. Consider the diagram 


k m -=--— E»‘* pl ---S 2 "f i pl * 

| I * 

Vo V\ = S P4 y 0 V 2 = Y 2pi yo 


where yo is the cofiber of the map induced by Ifi. Then the slices of y m are 


Pt Vm 


Xm,,t/2-m for t even and t > 4 m 
* otherwise. 


Corollary 10 . 6 . A filtration of Kp ]. Let R = Z( 2 )[s]/(lla : 2 — 20x + 5). Af¬ 
ter tensoring with R (by smashing with a suitable Moore spectrum M) there is a 
diagram 


> Y 2p *k [2] S ?*k [2] -A_* k[2] Z~ p *k [2] 

I I 

y 2 y 1 y 0 y_i 

where the homotopy colimit of the top row is Kr 2 i and each Y m has slices similar to 
those of y m as in Corollary \10.5\ 

Proof. The periodicity element D = — df(5i 2 — 20t 2 5i + lltif) can be factored as 

D = D 0 D 1 D 2 D 3 

where Di = 1 + bfi 2 with £ Z A and bi £ f?. Then let f^n+i be multiplication 

by Di. It follows that the composite of any four successive f m s is D , making the 
colimit A[ 2 ] as desired. The fact that a* is a unit means that the Y’s here have the 
same slices as the y’s in Corollary |10.5[ □ 


Remark 10.7. The 2-adic completion of R is the Witt ring WXF 4 ) used in Morava 
E 2 -theory. This follows from the fact that the roots of the quadratic polynomial 
involve V5, which is in W(F 4 ) but is not a 2-adic integer. 

Moreover if we assume that D 0 Di = 5 t 2 — 20t. 2 di + lit) 2 , then the composite 
maps finfin+i, as well as fi n +2 and fin+ 3 , can be constructed without adjoining 

\/5. 

It turns out that y m A M and Y m for to > 0 not only have the same slices, but 
the same slice spectral sequence, which is shown in Figures [9] [T2l See Remark 1 13.2 1 
below. We do not know if they have the same homotopy type. 


11. Some differentials in the slice SS for k 


[ 2 ] 


Now we turn to differentials. The only generators in (9.2) that are not perma¬ 
nent cycles are the u’s. We will see that it is easy to acco unt for the elements in 
E^’\ V \~ V (G/H) for proper subgroups H of G = C4. From (9.2) we see that 


( 11 . 1 ) 


k 2 


1 s,t 


= 0 


for \t\ odd. 


This sparseness condition implies that d r can be nontrivial only for odd values of 

r. 
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Our starting point is the Slice Differentials Theorem of IHHRal Thm. 9.9], which 
is derived from the fact that the geometric fixed point spectrum of MU^ G ^ is MO. 
It says that in the slice SS for MU^ G ^ for an arbitrary finite cyclic 2-group G of 
order g , the first nontrivial differential on various powers of zz 2o 


is 


(11.2) d r {ut~ X ) = afaf-'NUr f*_ l} G E^^-^MU^iG/G), 

where r = 1 + (2 k — l)g and p is the reduced regular representation of G. 

In particular 


(11.3) 


d 5 (u 2a ) = ala x h G MU^\G/G) 

„7„3*_ c p 13,16-4<t ; 


d 13 (K]) = a 7 y x h G E^^MU^\G/G) 

d 3 (u 2 cr) = a 3 a ri 

<MNL]) = a 7 a r 3 


G E 3 


3,4—2<t - 


€ —3 


MU r (G/G) 

,7,10-4 a 1 


t MU r {G/G) 


for G = C 4 
for G = C 4 
for G = C 2 
for G = C 2 - 


The first of these leads directly to a similar differential in the slice SS for ki 2 u 
The target of the second one has trivial image in fc[ 2 ] and we shall see that [zz 2(T ] 
turns out to be a permanent cycle. 


There are two ways to leverage the third and fourth differentials of (11.3) into 
information about fc[ 2 ]- 

(i) They both lead to differentials in the slice SS for the C 2 spectrum i G ,k\ 2 ]. 
They are spelled out ind (11.6) and will be studied in detail below in 112 


(ii) 


They completely determine the slice SS E^^G/G 1 ) for both fc[ 2 ] and K^\ ■ 
Since u\ restricts to u \, which is isomorphic to zt 2(T2 , we get some in¬ 
formation about differentials on powers of u\. The d 3 on zt 2(T2 forces a 
d 3 (u\) = ga\. The target of d^Qu^ ]) turns out to be the exotic restric¬ 
tion of an an element in filtration 5, leading to ^([zza] 2 ) = va\. We will 
also see that even though [m 2(T2 ] is a permanent cycle, [m^] (its preimage 
under the restriction map res 2 ) is not. 

One can norm up the differentials on zz 2o - 2 and its square using Corollary 
|4.8[ converting the d 3 and d-j to a d 5 and a d 13 . The source of the latter 
is [a CT zz1(], which implies that [zt1(] is not a permanent cycle. 


The differentials of (11.3) lead to Massey products which are permanent cycles, 


(2, a 2 , /i) = [2 u 2 a] = tr G , (zt 2 ) G J 


(2, afj , f 3 ) — [2 u 2(7 \ — tr G ,(u a ) G < o, 4 - 4 a 


^0,2-2a mij(( g )) (G/G) for G = C 4 
MU r (G/G ) for G = C 2 

E 0 ^- ia MU^\G/G) for G = C 4 


a MU R (G/G) 


for G = C 4 


and (by Theorem 4.4) to exotic transfers 

^afl = 


(11.4) 


alfs = 


tr^iua) G E^c a MU^ G ^(G/G) (filtration jump 4) 
for G = C 4 

tr\{u cT ) G E^~ a MU R (G/G) (filtration jump 2) 
for G = C 2 

tr 2 (zz^.) G Ex’ 15 ~ 3a MU r(G/G) (filtration jump 12) 
for G = C 4 

eE e J- 3 °MU R (G/G) 

for G = C 2 


(filtration jump 6) 
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Since a„ and 2a\ kill transfers by Lemma [4. 2 [ we have Massey products, 

(11.5) [u 2c rir|(a:)] = tr 2 (u 2 a x) = (a^/i, a a , tr 2 {x)) with ‘2ax[u2 <J trl{x)] = 0. 

Now, as before, let G = G 4 and G' = C 2 C G. We need to translate the dj, above 
in the slice SS for MUr into a statement about the one for fcp] as a G'-spectrum. 
We have an equivariant multiplication map m of G'-spectra 

m 11 

MUr: - SS -- A MUi ^r 


=G' 


f G 'h 


-fG | -=G 1 

- ¥ g' 

r l ,0 1 7 1,1 1 

> T x 

Ur?,o + f? tl )l - 

y n 3~G‘ 

' a <T r 1 

:^ 0 +^i) + (^i ) 3 v 

_ ^G' 

mod(r G , r G ) ) 

- r 3 


where the elements lie in /G') and 7 r ^ 2 (^(G'/G 7 ). In the slice SS for 

M£/« G » as a G'-spectrum, d 3 {u 2a ) and d 7 {u\ a ) must be G-invariant since it 2 CT is, 
and they must map respectively to a 3 rf and a£r G , so we have 

d 3 {u 2<72 ) = d 3 (u x ) = a 3 a 2 (rf 0 +rf tl ) = al 2 (r] 0 +m) 
d 7([wLj) = d 7 {[u 2 x \) =al 2 {5rf > 0 ff : 1 (ff t0 + rf^) + (r ^) 3 + • • •) 

= al 2 {rl 0 ) 3 + ' 


( 11 . 6 ) 


since a 3 (rf 0 + rf t ) = 0 in E 4 


We get similar differentials in the slice spectral sequence for k[ 2 \ as a G 2 -spectrum 
in which the missing terms in d 7 (u\) vanish. 

Pulling back along the isomorphism gives 

/11 7 \ f d 3 (resj(u x )) = d 3 (u x ) = [o£ 2 ](% + 771 ) = res%{a x r 7 ) 

\ d 7 (res{(u 2 x )) = d 7 {u\) = res%(a 2 x )r)% = resj(a 2 x v) 

These imply that 

d 3 (u x ) = a x r] and d 5 (u x ) = a\v. 

The differential on u x leads to the following Massey products, the second two of 
which are permanent cycles. 

[«a] = (“a, ??, a x , 77 ) € E°/- 2X (G/G) 

[2ma] = (2, r?, a x ) e E^’ 2 ~ X (G/G) 

V ■= [a a u x ] = (a a , 77 , a x ) € E\ ’ 3 ~ a ~ x (G/G) 


( 11 . 8 ) 


where v satisfies 

a 2 V = (a 3 , 77 , a x ) = a a [a 2 a u x ] = a a [2a x u 2lT } = [2 a a a x u 2a ] = 0 
res^P) = [a^ 2 ri !£ ]u CT e E^ 5 ~ a ~ x (G/G') 

(exotic restriction with filtration jump 2 by Theorem |4.4| (i) ) 
2Z7 = tr 2 {res\( V)) = tr%(u <J [a 3 a2 r 1 ^]) 

= v'a X eEl’ 5 - a ~ x (G/G) 

(exotic group extension with jump 2 ) 
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tr 2 {x)v = tr 2 (x ■ res 2 (u)) = tr 2 (x[al 2 r lyQ \u a ) 

rjV = tr%([a a 2 ri t i])V = frlQa^r^orip]^) = ald^r^ul) 

= 0,(77 0 (j fi) = ( 2 , o,( 7 ( f\ ) 

rj'u = al^tr^ul) = 0 
M[u\]) = [al 2 rl 0 } in E A 

= res|(p)res|(al(0i) = res^fPa^f) i) = res 2 (d 3 (u\)) 
d 5 ([u a]) = 1*0,1*! = a l v 
<M[ 2 w|]) = (2v)al*i = a\r)'* i. 

Note that v = T't ) 11 with the exotic restriction and group extension on V being 
consistent with those on v. 

The differential on [u|] yields Massey products 


(11.9) 


\ a l U l\ = («a. v 7 <A*l) 
[rj'ull = W’ v ' a A 5 i)- 


Theorem 11.10. Normed up slice differentials for km and Km. In the slice 
SSs for k[ 2 ] and K[ 2 ], 

d 5 ([a a u 2 x ]) = 0 

and d 13 {[a a u 4 x \) = a^u^]®?. 

Proof. The two slice differentials over G' are 

d 3 (u 2 a 2 ) = al 2 f 3 = a^ 2 (ri, 0 + rip) 
and d r ([ul a2 \) = al 2 rf = a \ 2 (5r? ;0 r M + 5Fi >0 rfp + r? ;1 ) 

We need to find the norms of both sources and targets. Lemma |4~9| tells us that 

^ 2 4 «)=«A 

and Nt(ut 2 ) = ul k /u k 2a in E 2 (G/G). 

Previous calculations give 

N 2 (^i,o + n,i) = ~h by (|9.10[> 


and 


JV£(5rt,ori,i + 5fi, 0 fti + r? tl ) = -®r(5 : 1 2 - 20 i 2 *i + 11®!) 

by ((97X11), 


For the first differential, Corollary |4.8| tells us that 

a x t 2 = d 5 {a a u\/u 2 o) 

— d 3 {o JrT U x )/ 11 : 2 a 0 ( 7 U\d 3 (u. 2 cr)/[^ 2 cr] 

— (^5 (g ct 'u^)/ , U2ct 0(7U x a (J a,\* i / \u 2a \ 
Multiplying both sides by the permanent cycle [u 2a ] gives 

[u2ad 5 {a a u 2 x )} = a x [v% a )t 2 + a a u 2 x ala x *i 
= o\[u 2 2a ]t 2 + Aallul',}*! 

= O x [ul a ]t 2 
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d§ — O'A [^2(7^2]- 

We have seen that 

W = a\[u 2 ch\- 

This implies that ax[u 2 ( 7 i 2 ] vanishes in _E 5 since a\r/ is killed by d 3 . It follows that 
d 3 (a a ujf) = a\ [u 2 cr i 2 \ = 0 as claimed. 

For the second differential we have 

di 3 {[a a u\/ul a ]) = a^t>i(-5t2 + 20t 2 0i + 90?) 

di 3 {[a a u\}) = + 20t 2 0i + 90?) 

= aI[w? CT ] 0 i(-t 2 + 0 ?) 

since a a has order 4. As we saw above, a\[u 2 a t 2 ] vanishes in E 5 , so di 3 ([acrZi|]) is 
as claimed. □ 


We can use this to find the differential on [u^]. We have 

m in / d([u {]) = [2 u 2 ]d([u 2 )) = [2ul)ual 0, = (2u)a?K]0 1 

1 j I = V'aliul}^ = [ V 'ul\al 0 , = (r/, v, a^a 3 ^. 

The differential on u 2a yields 

[xu 2 a\ = (x, al , /i) 

for any permanent cycle x killed by a?. Possible values of x include 2, r] , 77 ' (each 
of which is killed by 0 , 0 - as well) and V. For the last of these we write 

(11.12) £ := [Vu 2<J ] = <F, 4, /,} = ([a ff « x ], a?, A) £ £i’ 5 - 3 ff - A (G/G), 

which satisfies 


rest (0 = al 2 u 3 a r he G E% 7 ~ 3 °-\ G/ G') 

(exotic restriction with jump 2) 

2£ = tr A 2 {res\{ 0 ) = v'axu 2a e E 3 /- 3 a - x (G/G) 

(exotic group extension with jump 2) 
d 5 ([u 2c rul]) = a^a A zi?0i + Va\u 2a X) 1 = (a 3 a u\ + I7zt 2(T )a?0i 
= ( 2a a a\u\u 2(j + £)a|0i = £a?0i 
d 7 ([2u 2a u 2 x \) = 2£ • a?0i = v , a 3 x u 2a d 1 
res%{d 5 ([u 2(T ul\)) = u 3 a 3 2 ri >e re4(a?fli) = ulal 2 r\ fi = u 2 a d 7 (u 2 x ). 

Theorem 11.13. The differentials on powers of u\ and u 2a . The following 
differentials occur in the slice SS for km. Here u\ denotes res^fux). 

d 3 {u x ) = axV = tr 2 (a 3 a2 r lie ) 
d 3 (ux) = reSz(ax){r]o + Vi) = [ a l 2 (fi.o + n.0] 
d 5 {u 2cr ) = 

c? 5 ([u?]) = a?a CT ztA0i = a?P0i = a\v forV as in \11.8 ) 
d 5 {[u 2a u\]) = a 3 a x ujf)i +Va\u 2c , 0i = ( a 3 a u\ +I7u 2cr )a?0i 


= 


for £ as in ( 11 . 12 ) 
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d 7 {[2ul\) = 2 a^i = a 3 x r] , d 1 
Mfcl ]) = re4( a l )Vo = aZAo 
d r{[ut\) = Wul\ a l*i = W, ", a^i)a^i. 

The elements 


[ 2 u 2a ] = ( 2 , al, /i) = tr%{ul), 


ha] = (aw, fi,a a , /i) 


[2u 2 aU\\ = ([2 U 2 o]i V, «a), 

7 =3 


[U\] = (A r i,o> a l 2 , r'i o) 
are permanent cycles. 


and 


[2 u\] = (2, ry, a A ), 

[4u a ] = (2, ?/, a A 0i) = trf(ui 2 ), 

[2ul\ = ( 2 , a® 2 , a ff 2 r? 0 ) = trf(< 2 ), 
[2u A ] = (2, »/,T, a|5?) = tr%(ui), 
[«|] = (WuH a|0 l5 a 3 A 5i) 


We also have the following exotic restriction and transfers. 

At„ — »• - 3 ~ (filtration jump 2) 


resl(a a u\) = Uares^ax)^ = u a a~ a2 r lie 

/ 9 ^ (&—1 

ir 2 4 (^) = 


„2„ S „( fe -l)/ 2 _ - f „(fe-1)/2 
tt cr a A^1^2<7 — a crJl u 2(T 


(filtration jump 4) 

for k = 1 mod 4 

Aa 

for k even 

0 

for k = 3 mod 4 

4 2 (o,o +ri,i)uf~ 1)/2 = 

a<x 2 (do + di )u ( x~ 1)/2 

(filtration jump 2) 

for k = 1 mod 4 

2 u k x /2 

n 6 ^3 (fc-3)/2 

a (7 2 r l,0 U \ 

for k even 

(filtration jump 6) 

for k = 3 mod 4 


*r?«) = 


Proof. All differentials were established above. 

The differential on it| does not lead to an exotic trans fer b ecause neither [u A ] 
nor [rt A a^0i] is a permanent cycle as required by Theorem 


4.4 


We need to discuss the element [2u2 a ux] = ([ 2 « 2 ct], V, a A ). To see that this Toda 
bracket is defined, we need to verify that [2u2a]v = 0- For this we have 

[2 u 2 a\ri = [ 2 u 2 a]t 4 (vo) = tr%(2u 2 a r] 0 ) = ir|( 0 ) = 0 . 

The exotic restriction and transfers are applications of Theorem |4.4| to the dif¬ 


ferentials on u\ and on 


(k+l)/2 


h a 


and 


(fe+l)/2 


for odd k. For even k we have 


trj(u*) = tr\ [res\ ( i 


k/2 

2a 


2 u. 


k/2 

2a 


since tr^fres^x)) = (1 + 7 ) 2 ;, 


and similarly for even powers of u a2 . 

As remarked above, we lose no information by inverting the class D , which is 
divisible by Di. It is shown in i HHRal Thm. 9.16] that inverting the latter makes 
u\ a a permanent cycle. One can also see this from (11.3). Since d$(u 2 o) = a 3 a A hi, 
d 5 (u 2 r 7 ^i 1 ) = a 3 a A - This means that rf i 3 ([wL]) = <Z «p 3 is trivial in E 6 (G/G). It 
turns out that there is no possible target for a higher differential. □ 
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12. k[ 2 } AS A ©-spectrum 

Before studying the slice SS for the ©-spectrum ky 2 ] further, it is helpful to 
explore its restriction to G' = C 2 , for which the Z-bigraded portion 

E* 2 '*i* G ,k [2 \{G'/G') - El< G '’*h [2 \(G/G) - El’*k [2] (G/G') 


(see Theorem 2.13 for these isomorphisms) is the isomorphic image of the subring 
of Corollary 10.3 In the following we identify S 2 , e , d> i and r i )C (see Table [3]) with 
their images under r|. From the differentials of (11.61 we get 


( 12 . 1 ) 


^(©.e) = Veivo +Vl) = a v r l,e{ r l,0 + ?’l,l) 
d 3 (Si) = VoVi +110111 = +ri,i) 

d 7 {[Sf}) = d 7 (u 2 a )r 2 i0 f? i = alrfr 2 l 0 r\ 


3 ' 1,0' 1,1 

= a£(5fi i0 ri,i + 5ri, 0 r\ x + r? i i)r? i0 rf 1 . 


The e© above make all monomials in r\ o and rj\ of any given degree > 3 the same 
in E 4 (G/G r ) and E 4 (G'/G'), so d 7 (5l) = t]q. Similar calculations show that 

^7(p 2j e]) = Vo = a a^l, o- 


The image of the periodicity element D here is as in (7.4). 


We have the following values of the transfer on powers of u a . 


„*/ 2 l 


tri(K) = 


[ 2u 2ai 

[4 U 2<T 1)/2 ](^1,0 +7l,l) 


for i even 
for i = 1 mod 4 


](i—3)/8 ( 




o®f ? >0 = \u A 1«- 


[« 2 <x] (<- 3 )/ 8 a ®r?i for i = 3 mod 8 


0 for i = 7 mod 8 

This leads to the following, for which Figure [ 8 ] is a visual aid. 

Theorem 12.2. The slice SS for k[ 2 ] as a ©-spectrum. Using the notation 
of Table Q] and Definition \5.S\ we have 

E_ 2 *(G'/ {e}) = Z[ri i0 , rip] with r 1>e e E 0 f 2 (G' / {e}) 

E^*(G'/G') = Z[<5 1 ,E 2 , e ,7 ?e : e = 0, 1]/ 

(2 T/e, Sf — ©.O©,!, ?7e©,e-|-l + 7 7l+e < 5l) , 


SO 


□ 0 © f □ for (s, t) = ( 0 ,4f) with £>0 

□ for (s, t) = ( 0 , Ai + 2 ) with i > 0 


© 


f+i 


^2 ‘ = 


• © ©u+f • f or (s, = (2 m, 4£ + 4zt) with £ > 0 and u > 0 

© u +£ • for (s, t) = (2m — 1 ,4£ + 4 u — 2) with l > 0 and u > 0 

0 otherwise. 

The first set of differentials and determined by 

<4(£ 2 , e ) = VeiVo + r)i) and d z (5f) = rjoViiVo + Vi) 

and there is a second set of differentials determined by 

dr(Sl, e ) = d 7 (Sl) = r , 7 0 
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0 4 8 12 16 


Figure 8 . The slice SS for fcp] as a C 2 -spectrum. The Mackey 
functor symbols are defined in Table [T] The ^-structure of the 
Mackey functors is not indicated here. In each bidegree we have 
a direct sum of the indicated number of copies of the indicated 
Mackey functor. Each d 3 has maximal rank, leaving a cokernel of 
rank 1, and each d? has rank 1. Blue lines indicate exotic transfers. 
The ones raising filtration by 2 have maximal rank while the ones 
raising it by 6 have rank 1. The resulting E s = E ^-term is shown 
below. 
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Corollary 12.3. Some nontrivial permanent cycles. The elements listed 
below in Eff l+2s km (G/G 7 ) are nontrivial permanent cycles. Their tranfers in 
E^’ 8 l+ 2 s k[ 2 ]{G/G) are also permanent cycles. 

• f or 0 < j < 2i (4i + 1 elements of infinite order including 5 21 ), i 
even and s = 0. 

• p e T, 2 l f 7 for 0 < j < 2i and p e 5f l (4i + 2 elements or order 2) for i even 
and s = 1. 

• p 2 T, 2 l f^S{ for 0 < j < 2 i and 5 2% {p q, popi, pf} (4i + 3 elements or order 
2) for i even and s = 2. 

• Vo 5 i f or 3 < s < 6 (4 elements or order 2 ) and i even. 

• 6 { + Sf 1 for 0 < j < 2i ( 4 i + 1 elements of infinite order including 
2 Sf l ), i odd and s = 0. 

. pJ%- j 5{+8? for 0 < j < 2*—1 and%5? i - 1 (E 2 ,i+5i) = rf^C^o+^i) 
(4i + 1 elements of order 2), i odd and s = 1. 

. p 2 e T,^- j 6{+5f for 0 < j < 2 i—l, ^^- 1 (£ 2j 1+( 5 1 ) = % r? 1 ^ i - 1 (£ 2 ,o+^i) 
and pqPi 8 ^ 1 (Yi 2 .i + 5\) = (T, 2 p + S±) (4i + 2 elements of order 2) 

for i odd and s = 2. 

In E^’ Sl+A k[ 2 ](G/G') we have 2Y , 2 l + 1 ■’Sf for 0 < j < 2i and 2S{, 4z + 3 elements 
of infinite order, each in the image of the transfer tr\. 

Remark 12.4. In the l?0(G)-graded slice SS for fc[ 2 ] one has 

d 3 {u 2 a) = al(r 1,0 + f M ) and d 7 [\u\ a ]) = a 7 a ff = a 7 a rl 0 , 

but a 7 itself, and indeed all higher powers of a, survive to E 8 = E oa . Hence the 
term of this SS does not have the horizontal vanishing line that we see in E s -term 
o/-F%we|?| However when we pass from fc[ 2 ] to K^\, r 3 = 5 f\ 0 ^i,i+^ 1 , 0^1 1+^1 1 
becomes invertible and we have 

d r((rf') _1 [ u L]) = Mrfliulv]) = a 7 . 

On the other hand, ri,o + ri,i is not invertible, so we cannot divide rt 2cr by it. 


We now give the Poincare series computation analogous to the one following 
Remark 8.7 using the notation of (8.8). In RO{G ')-graded slice SS for fc[ 2 ] we have 

E 2 {G'/G') = Z[a a , it 2< 7,fi i o,ri j2 ]/(2o 0 .), 


so 


g(E 2 (G'/G')) = 


1 


1 — t 1 — a J (1 — u)( 1 — f) 2 


g{MG'/G'))=g{E 2 {G'/G'))- 


1 +tu 


u + ra A 


(1 — a)(l — w 2 )(l — f) 2 


+ 


a + a 


(1 — t)(l — m 2 )(1 — f) 2 (1 — zt 2 )(l — r) 2 (1 — a)(l — u 2 )(l — r) 

as before. The next differential leads to 

u 2 + r 3 a 7 


g(E 8 (G'/G')) = g(E 4 (G'/G'))- 
= g(E 4 (G'/G')) - 


(1 — a)(l — w 4 )(l — f) 


(1 — u 4 )(l — r) 
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r 3 a 7 


(1 — a)(l — u 4 )(l — r) (1 — a)(l — u 4 )(l — r) 


1 +tu 


+ 


a + a 


(1 — t)(l — u 2 )(l — r) 2 (1 — u 2 )(l — r) 2 


r 3 a 7 


(1 — a)(l — u 2 )(l — f) (1 — u 4 )(l — f) 
u 2 (a + a 2 ) u 2 a 3 

(1 — w 4 )(l — r) (1 — a)(l — m 4 )(1 — f) (1 — a)(l — u 4 )(l — f) 
(1 + tu)( 1 + u 2 ) — (1 — f)(l — r)u 2 ^ (a + a 2 )(l + u 2 — u 2 ( 1 — r)) 


(l-£)(l-u 4 )(l-r) 2 
a 3 (l + u 2 ) - u 2 a 3 - r 3 a 7 


(1 — u 4 )( 1 — r) 2 


(1 — a)(l — w 4 )(l — f) 

1 + tu+ (t + r — tr)u 2 + tu 3 (a + a 2 )(l + u 2 r) 


(1 — t)(l — u 4 )( 1 — r) 2 
a — a 7 + a 7 — r 3 a 7 


(1 — u 4 )( 1 — r) 2 


(1 — a)(l — zt 4 )(l — r) 

1 + tu + (t + r — tr)u 2 + tu 3 (a + a 2 )(l + u 2 r) 

(1 — £)(1 — u 4 )(l — r) 2 (1 — u 4 )(l — r) 2 

a 3 + a 4 + a 6 + a 6 a 7 (l+r + r 2 ) 

(1 — w 4 )(l — r) (1 — a)(l — u 4 ) 

The fourth term of this expression represents the elements with filtration above six, 
and the first term represents the elements of filtration 0. The latter include 

[2 u 2a \ G (2, a 2 , a ff (ri, 0 +ri,i)), 

[2u 2ct ] G (2, Oo-, a®r 3 0 ), 

[(ri,o +Pi,i)«L] € (at, a a f 3 10 , Fi, 0 +Fi,i) 

with (r 1>0 +ri i i)[2w^ CT ] = 2[(r 1>0 + 

[2«L] e (2, a 2 (ri,o +Fi,i), a 2 , a®F? >0 ) 
and [u 2ff ] G (4, a 3 r 3 0 a*, a 3 r 3 0 ) 
with notation as in JO 


As indicated in 


12.4 


we can get rid of them by formally adjoining w := (r$ ) 1 u\ lJ 
to E 2 (G'/G'). As before we denote the enlarged SS terms by E^ r (G'/G') This time 
let 


^ — q ^2 — 7 

w = r u = xy 


Then we have 


1 - u z 


gJG'/G') = --- EJG'/G') for r = 2 and r = 4 

V 1 - w I 


and 


g(EU(G'IG')) = g(EU(G'IG'))- 
= g(g A (G'/G'))- 


w + a 


(1 — a)(l — «1 2 )(1 — r) 

w (a + a 2 )w 


(1 —-u; 2 )(l — f) (l — w 2 )(l — r) 
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a 3 w + a 7 

(1 — a)(l — u> 2 )(l — f) 

1 + tu a + a 2 

(1 — t)(l — w)( 1 — r) 2 + (1 — w)(l — r) 2 
a 3 w 

(1 — a)(l — w)(l — f) (1 —u> 2 )(l —r) 

(d + d 2 )w a 3 w+ a 7 

(1 — m; 2 )(1 — r) (1 — a)(l — w 2 )(l — r) 

(1 + tu)( 1 + w) — (1 — t)( 1 — f)w (a + a 2 )( 1 — (1 — r)w) 
(1 — t)(l — w 2 )(l — r) 2 (1 — {y 2 )(l — r) 2 

a 3 (l + w) — a 3 w — a 7 
(1 — a)(l — m; 2 )(1 — r) 

1 + tu + (t+ r — tr)w + turn (a + a 2 )(l + rw) 

(1 — £)(1 — w 2 )(l — r) 2 (1 — m; 2 )(1 — r) 2 

a 3 + a 4 + a 5 + a 6 
(1 — m) 2 )(1 — r) 

Again the first term represents the elements of filtration 0. These include 

[2 u 2 o\ G (2, a 2 , a CT (fi j o +ti,i)), 

[2m;] <E (2, a CT , a®), 

[(ri,o + Al,i)m;] G (a^, a 3 , ri j0 + ri,i) 

with (ri,o +r 1A )[2w\ = 2[(fi i0 + fi t i)w], 

[2m 2ct m;] G (2, a 2 (r li0 +f u ), a 2 , a®) 
and [w 2 ] £ (ai, ala*, a 3 a ) 

where, as indicated above, w = (rff )^*u 2 a . 

From these 


13. The effect of the first differentials over C4 


Theorem 10.2 lists elements in the slice SS for fc[ 2 ] over C 4 in terms of 

7 ’i, s 2 , hi; ??, a CT , a A ; u A , u a , and m 2(T . 

All but the m’s are permanent cycles, and the action of on m a , u a and u 2(T is 
described above in Theorem II 1.131 


Proposition 13.1. d ,3 on elements in Theorem |10.2[ We have the following 
(I 3 S, subject to the conditions on i, j, k and i of Theorem \10.2 : 

• On 


^0 


7 £ 

i>2<7 




j+1 £ 2 £—j— 1 ^ 2 £ 

a\ riMo-u, 

G 'K.*X 2 i> 1 2i+\{G/G) 

0 


for j odd 
for j even 


Ik 
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• On X 2 (+ 1 , 2 «+ 1 * 

d 3 (5r +1 ) = vul e+1 resi(a x ul^r +1 ) 

£ It*^2£+l,2^+2(G/G' , ) 

,u?+Ve S i(4 + ’<^»;' +I ) 

£ 7r„X2f + i j 2f+2(G/G") 


7 / J 2 £ 21 

d 3 (a a a J x u a u x 


0 


/or / eren 
/or j odd 


7 + 1 2^ 2^-7+2£+l 

<*u A J 5 1 + 

£ ZL*^+i, 2 . 2+2 (G/G) for j even 
0 for j odd 


J 2„2fc+122+1 i-k^2l+l\ 

d 3 (a a a x u 2a Oj j 


= 0 




1 -=^—i —1 


V u , 


i ( £ —£—i 4/ £ T\i \\ 

d 3 {u a s 2 res^u^^) = 


dz(ji 23 ui 3 s 2 1 3 res 2 (u x J U\)) = 


0 


res^iu^ 

£ tt*^, 22 + 1-7 (G/G') 
for t odd 
for i even 


V 


.'s'. ' ' 


res 2 (a\u x 


-o -^ 


0 


£ 7^*Xi J 2f+l-^(G/G , ) 

for t — j odd 
for t — j even 


• On Xi^+i-i- 

d 3 {r 3 res\{u l a s l f l )res\{u x f>\)) = 0 


d 3 ( V 2 j+ 1 u e - 3 s e 2 - l - j -^ i3 - e - 3 ^ 


1 res 2 {u x 3 <){)) = 


r) 23+2 u e a 3 s 2 1 3 res 2 (a\u x 3 
£ 2 T* ^7,22+2-7 (G/G') 

for t — j odd 
0 for l — j even 


Note that in each case the first index of X is unchanged by the differential, and 
the second one is increased by one. Since X m ^ n is a summand of the 2 (m + n)th 
slice, each d 3 raises the slice degree by 2 as expected. 


Remark 13.2. The spectra y m and Y m of Corollaries 10.5 and 10.6 Similar 
statements can be proved for the case £ < 0. We leave the details to the reader, but 
illustrate the results in Figures [77| and \12\ 

The source of each differential in 13.1 is the product of some element in tt+HZ 
with a power ofh 1 or 5\. The target is the product of a different element in n^HZ 
with the same power. This means they are differentials in the slice SS for the spectra 

Vm of \10-5 1 

Similar differentials occur when we replace by any homogeneous polynomial 
of degree i in 0 : and t 2 in which the coefficient of is odd. This means they are 
also differentials in the slice SS for the spectra Y m of\10.6\ 
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Figure 9. The subquotient of the slice E 2 - and -E 4 -terms for fc[ 2 ] 
for the slice summands X^ n for n > 4. Exotic transfers are shown 
in blue and differentials are in red. The symbols are defined in 
Table [5] This is also the slice SS for 1/4 as in Corollary|10.5 and I 4 


(after tensoring with R) as in Corollary 10.6 


These differentials are illustrated in the upper charts in Figures [9] [l2j In order 
to pass to £4 we need the following exact sequences of Mackey functors. 


^3 


-E- 


□ 


d 3 


d 3 


- E - 


— d 3 
> □ - 


The resulting subquotients of E 4 are shown in the lower charts of Figures [9] 
IT2l and described below in Theorem 113.31 In the latter the slice summands are 
organized as shown in the Figures rather than by orbit type as in Theorem |10.2| 

Theorem 13.3. The slice E 4 -term for fcr 2 i. The elements of Theorem 


10.2 sur¬ 


viving to Ef 4 , which live in the appropriate subquotients of / K Jf X m n , are as follows. 
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Figure 10. The subquotient of the slice E 2 and F 4 -terms for fc[ 2 ] 
for the slice summands X^ :n for n > 5. Exotic restrictions and 
transfers are shown in dashed green and solid blue lines respec¬ 
tively. This is also the slice SS for y 5 as in Corollary |10.5| and for 
I 5 (after tensoring with R) as in Corollary 


10.6 


(i) In K*X 2 e, 2 e (see the leftmost diagonal in Figure^, on the 0-line we still 
have a copy of □ generated under fixed point restrictions by Af G E^’ se . 
In positive filtrations we have 


CF 4 


.2j,8£ 


generated by 


G E 2 J’ 8 \G/G) 


2 a J x u 


2(7 


2 l-j-. 
l x 1 


for j even and 0 < j < 2 £, 


= ala{ 1 u i 2 i 1 ul e J G E%’ 8t (G/G) 
for j odd and ()< j < 21 and 


• C generated by 

G E% +2kM (G/G) for 0 < k < i. 

(ii) In K*X 2 e, 2 e+i (see the second leftmost diagonal in Figure [$Jj, in filtration 
0 we have generated (under transfers and the group action) by 

nresl(ul e resf(ul e df e ) G E°’ 8e+2 (G/ {e}). 
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Figure 11 . The subquotient of the slice E 2 and -E 4 -terms for fc[ 2 ] 
for the slice summands X_ 4 . n for n > —4. This is also the slice SS 
for y_ 4 (after tensoring with R) as in Corollary 


10.6 


In positive filtrations we have 

• C E^ 8t+2 generated (under transfers and the group action) by 

rjuf resUu^) 2 * = E^ se+2 (G/G') 

• C _g^fe+i, 8£+2 j or q < fc < £ generated by 

x = ri 4k+1 u 2 J- 2k resj{u x i h ) 2t ~ 2k g E 4k+1 ’ U+2 {G/G') 
with (1 — 7)2; = tr 2 (x) = 0. 

(iii) In r K_ if X2t+i,2i.+i (see the leftmost diagonal in Figure \10 1 ), on the 0-line 
we have a copy o/E generated under fixed point A 4 2f+T ^ 2 £ E 8 ’ 8e+4 . In 
positive filtrations we have 

• C E^’ 8e+4 generated by 

u 2 J +1 resi(a{ul i+1 ~ j dl e+1 ) £ E 2 ^ iM+A (G/G') 
for 0 < j < 21 + 1, 

• Q ^2j+i,8£+4 generated by 

a a a{u 2 Jul e+ e E% +2kM+4 (G/G) 

for 0 < j < 21 + 1 and 

• C ^g2fe+4f+3,8i+4 generated by 

21+1 21+1 ^ p2fc+4£+2,8^+4 

°<r a A U 2 ct °1 IWW 

for 0 < k < 21 + 1. 
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Figure 12 . The subquotient of the slice E_ 2 and ^ 4 -terms for kn 1 
for the slice summands X_ 5 ; „ for n > —5. This is also the slice SS 


for Y _ 5 (after tensoring with R ) as in Corollary 10.6 


(iv) In 7 T* X2t+i,2i.+2 (see the second leftmost diagonal in Figure 10), in filtra¬ 


tion 0 we have □, generated (under transfers and the group action) by 


ri r es ;(»;'+v e »;K<«5«+') e Er +6 (G/M). 


In positive filtrations we have 


▼ C jj4fc+3,8^+6 j or 0 < k < £ generated under transfer by 
x = v 4 k+ 3 A[- k e Ef + 3 M+ 6 (G/G') 
with (1 — j)x = 0 . 


The generator of E) k+3 ’ se+6 (G/G') is the exotic restriction of the one in 

E**+W+*( G /G). 
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(v) In f,I raim+ i for i > 2 (see the rest of figures^ and 10), in filtration 0 
we have 


□ C e 4 


0 , 4771 + 4?+2 


generated under transfers and group action by 
r i r es\ {u™ + I s J 2 ) r esf 5 ™) 


B C E 4 


0,8f+4 


□ qe a 


0 , 8 £ 


eE 0 4 Am+ ^ +2 ( G /{ e }) for j>0, 
generated under transfers and group action by 
riresl {uff + I~s{)res\ 

€ E° 4 M+4 (G/ {e}) for I> m/2 and 
generated under transfers, restriction and group action by 
X U ,m = where 

^2,e — l^p2^2,e 

and = u P2 res|(0i) 

G E°/ e (G/G 1 ) for 0<m<2i-l. 

In positive filtrations we have 


c e^ u+a 


generated under transfers and group action by 

Vo res i( A 0 = ri$6f = rfcufres^u A 0i) 2 ^ 

G El ' u+i (G/G') and 

generated under transfers and group action by 

ViX8£,m G E S 4 M+2S (G/G') 
for s = 1,2 and Q < m <21 — 1. 

Each generator of E^’ 8i+4 (G/G') is an exotic transfer of one in 


j^s,8£-\-2s 


E°f 8e+2 (G/e). 


Propositio n 13 .4. Some nontrivial permanent cycles. The elements listed 
in Theorem 


13.3(v) other than r/f5 2f ' are all nontrivial permanent cycles. 


Proof. Each such element is either in the image of E 4 ’*{G/ {e}) under the transfer 
and therefore a nontrivial permanent cycle, or it is one of the ones listed in Corollary 

moi " □ 


In subsequent discus sions and charts, starting with Figure \T7/\ we will omit the 


elements in Proposition 13. f These elements all occur in E_f for 0 < s < 2. 


Analogous statements can be made about the slice SS for Kr 2 i. Each of its slices 
is a certain infinite wedge spelled out in Corollary |10.4| Their homotopy groups 
are determined by the chain complex calculations of Section [6] and illustrated in 
Figures [ 2 ] (with Mackey functor induction applied) and[3j Analogs of Figures 
[9 K) are shown in Figures 11 12 In each figure, exotic transfers and restrictions 


are indicated by blue and dashed green lines respectively. As in the k[ 2 ] case, most 
of the elements shown in this chart can be ignored for the purpose of calculating 
higher differentials. In the third quadrant the elements we are iqnorinq all occur in 
E s / for -2 < s < 0. 


The resulting reduced E 4 for K^ 2 ] is shown in Figure 16 The information shown 
there is very useful for computing differentials and extensions. The periodicity 
theorem tells us that n n K[ 2 ] and 7r„_ 32 AT[2] are isomorphic. For 0 < n < 32 these 
groups appear in the first and third quadrants respectively, and the information 
visible in the SS can be quite different. 
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Figure 13. The slice E 7 -term for the CVspectrum i*Qikp}. The 
Mackey functor symbols are defined in Table [T| A number n in 
front of a symbol indicates an n-fold direct sum. Blue lines indicate 
exotic transfers and red lines indicate differentials. 


For example, we see that 7 r 0 /i[ 2 ] has summand of the form □, while 7 r_ 32 /\[ 2 ] has 
a subgroup isomorphic to a. The quotient □ /□ is isomorphic to o. This leads to the 
exotic restrictions and transfer in dimension —32 shown in Figure [16| Information 
that is transparent in dimension 0 implies subtle information in dimension —32. 
Conversely, we see easily that 7 r_ 4 A'[ 2 ] = B while tt 2S K[ 2] has a quotient isomorphic 
to B. This leads to the “long transfer” (which raises filtration by 12) in dimension 
28. 


14. Higher differentials and exotic Mackey functor extensions 


We can use the results of the {12 to study higher differentials and extensions. 
The A 7 -term implied by them is illustrated in Figure [13} For each t, s > 0 there is 
a generator 

m+s,, :=r f 0 6l e e Ef e+2s (G/G') 

with 

<M2/16fc+s+8,s) = Vl6k+s+7,s+7- 

Recall that 

Si = UAfi, 0 ri,i G E% 4 k [2] (G/G') “ E^ G ' A) k [2] {G/G), 

and in the latter group we denote u\ by u 2rJ . We have 

d 3 (*i) = d 3 (u\)r lfi ri'i = d 3 (u 2a )ri fi ri : i = a^(fi, 0 +f ltl )r lt0 r 1A . 


If the source has the form reS 2 (a;i 6 fe+s+ 8 ,s)j then such an x must support a 
nontrivial d r for r < 7. If it has a nontrivial transfer cc , 16fc+s+g g , then such an x! 
cannot support an earlier differential, and we must have 

d r (x ' 16k+s+8 , s ) = tr 2 (d 7 (y 16k+s+8;S )) = tr 2 (y 16k+s+7iS+7 ) for some r > 7. 

We could get a higher differential (meaning r > 7) if yi 6 fc+ s + 7 ,s +7 supports an 
exotic transfer. 
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We have seen (Figure [14] and Theorem 13.31 that for s > 3 and k > 0, 

for s = 0 mod 4 


(14.1) 


7—iS,16fc-|-8-|-2s 

—5 


for s = 1, 2 mod 4 
for s = 3 mod 4. 

as a direct summand. For s = 0 it has □ as a 


For s = 1,2, El’ 16k+8+2s has 
summand, and the differentials on it factor through its quotient o; see (5.2). 
The corresponding statement in the third quadrant is 

d for s = 3 mod 4 


E 


-s,-16fc-2s-24 


for s = 1,2 mod 4 
for s = 0 mod 4. 


for s > 3 and k > 0. For s = 1, 2 the groups have similar summands, and for s = 0 
there is a summand of the form n, which has ▼ as a subgroup; again see (5.2). This 
is illustrated in Figure [l 6 j 

Theorem 14.2. Differentials for C 4 related to the dj s for C 2 . The differential 
<M2/16fc+s+8,s) = yi6k+s+7,s+7 with S > 3 
has the following implications for the congruence classes of s modulo f. 

/•\ 771 _ 7 —iS,16/c-|-8-|-2s 7 T-iS+7,16fe+14+2s _ 77 - 

( 1 ) tor s = 0 ? h 7 = o ana h_ 7 = T. Hence yi6k+s+8,s is 

a restriction with a nontrivial transfer, and 

^5 (*^16/c+s+8,s ) — •^'16fc+s+7,s+5 

and dr(2xiek+s+8,s) — d7(tr 2 {yi6k+s+8,s)) 

— 1-^2 (l/l6fc+s+7,s+7) = %10k+s+7,s+7 • 

(ii) For s = 1, 

d7(yi6k+s+8,s) = Vl6k+s+7,s+7 

and ^5 (Xi 6 ^-(_ s 4 - 8 ,s +2 ) — tr 2 (yi6fc+s-f7,s+7) — ‘2,'Tiek +s-f-7,s+7 

This leaves the fate of XiQk+s+ 7 ,s +7 undecided; see below. 

(iii) For s = 2, p^’ 16k + 8 + 2s _ — an ^ j^s+ 7 ,i 6 fc+i 4 + 2 s _ - N e tf}i er the source 
nor target is a restriction or has a nontrivial transfer, so no additional 
differentials are implied. 

(iv) For S = 3, J<;A 1 6 fc+ 8 + 2 s _ j £,s+7,16Ai + 14+2.s _ J n cfi[ge 

source is an exotic restriction; again see Figure 10). Thus we have 

d7(yi6k+s+8,s) = yi6k+s+7,s+7 
and d .5 (Xi 6 ^ 4 _ 5 4 _ 8 ; s—2 ) — %16k+s^ —b7,s-f-3 

with reS2(Xi6fc+s++7,s+3) = Z/l6fc+s+7,s+7- 

Moreover, tr^iyiek+s+a^) Is nontrivial and it supports a nontrivial dn 
when 4k + s = 3 mod 8. The other case, 4k + s = 7, will be discussed 
below. 

Proof, (i) The target Mackey functor is ▼ and yiek+s+ 7 ,s +7 is the exotic restriction 
of xi 6 fc+ s + 7 ,s+ 5 ; see Figure [To] and Theorem 13.3 The indicated d$ and dj follow, 
(ii) The differential is nontrivial on the G/G 'component of 


• = E: 


i=L7 


s,16fc+8+2s 


77i s-I - 7,16/c-|-14-|-2s 
■ hj 7 = o 
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Thus the target has a nontrivial transfer, so the source must have an exotic transfer. 
The only option is Xi 6 fc+ s + 8 , s + 2 j and the result follows. 

(iv) We prove the statement about d±i by showing that 

Ul6k+s+7,s+7 = V S 0 +7 St k 

supports an exotic transfer that raises filtration by 4. First note that 

triivoVi) = ^(<4fi, 0 ri,o) = tr^u^res^axQi)) = tr 2 {u a )axii 


= a a a\DiaxDi 


by (11.4). 


Next note that the three elements 

2/8,8 = Vo = res^e), y 2 o,4 = Vo s i = res 2 (k) and 1 / 32,0 = Sf = res 2 ( A 4 ) 
are all permanent cycles, so the same is true of all 

ywm+u,u = iIq 1 for to, £ > 0 and to + £ even. 


It follows that for such £ and to, 


AO cAty) 4 / 4-2 rAm 

VoVlVlOm+UM = VoVlVo = Vo °1 = 2/16m+4t+2,4/+2 

— ^70^?l7’e'S 2 16m+4/,4/) 7 


SO 


f r 2(2/l6m+4/+2,4£+2) = tr 2 (VoVl) x 16m+U,U = f\Xl6m+U,M- 
This is the desired exotic transfer. 


□ 


We now turn to the unsettled part of 14.2|pv). 


Theorem 14.3. The fate of a;i6fc+s+8,s for Ak + s = 7 mod 8 and s > 7. Each 
of these elements is the target of a di and hence a permanent cycle. 

Proof. Consider the element G E 2 ’ 16 (G/G). We will show that 

^ 7 (^ 1 ) = ^ 15,7 = ^^2 ( 2 / 15 , 7 )- 


This is the case k = 0 and s = 7. The remaining cases will follow via repeated 
multiplication by e, k and Af. 

We begin by looking at 

Ai = u 2 au 2 xbl. 

From Theorem II 1.131 we have 

d 5 {u 2r7 ) = alax^i and d b {u\) = a a a\ux£) 1 
Using the gold relation a^ux = 2axu 2a , we have 

ds(Ai) = d 5 {u 2 cr ul)fi 1 = (alaxul^x + a rT aluxu 2 r 7 d 1 )Zi 1 
= a a axux(alux + axu 2rT )^i 

= a a axux{2a x u 2c , + axu 2a )X)\ 

= a a a\uxu 2(J di since 2 a a = 0 


= 1^X4. 


Since v supports an exotic group extension, 2v = £ 3 , we have 

2d5(Ai) = dr(2Ai) = X 3 X 4 . 

From this it follows that 


— A 1 c?7(2A 1 ) — ^ 15,7 
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Figure 14. The i? 4 -term of the slice SS for fc[ 2 ] with elements of 


Proposition 13.4 removed. Differentials are shown in red. Exotic 


transfers and restrictions are shown as solid blue and dashed green 
lines respectively. The Mackey functor symbols are as in Table [2] 


as claimed. 


□ 


The resulting reduced E 12 -term is shown in Figure 15 It is sparse enough that 
the only possible remaining differentials are the indicated di 3 S. In order to establish 
them we need the following. 

The surviving class in E^^lfG/G) is 

Zi7,3 = }\A\ = a CT a A 0 i • [«L] w a*>i = 


The second factor is a permanent cycle, so Theorem |11.10| gives 

di 3 (f iAf) = (al[ul]^)(a x [uin) = = e 2 = 4- 

The surviving class in E^f 2 (G/G) is 

x 30 ,2 = € Ell’ 2 (G/G) 

satisfies 

£^ 30,2 = fiKx 17t3 = f 2 x 4 Al, 
so we have proved the following. 

Theorem 14.4. di 3 S in the slice SS for km. There are differentials 
dis(ftxTAf 1 ) = 

for e = 1, 2, m + n odd, n > 1 and m > 1 — e. The SS collapses from E 14 . 


To finish the calculation we have 
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Figure 15. The E n9 -term of the slice SS for km with elements of 


Proposition 13.4 removed. Differentials are shown in red. Exotic 
transfers and restrictions are shown as solid blue and dashed green 
lines respectively. The Mackey functor symbols are as in Table [2] 


Theorem 14.5. Exotic transfers from and restrictions to the O-line. In 


71* km > f or i > 0 we have 


trf(r 


1,0 


1,1 


l) — Ve r l,0 r i,l 

= 2x 4 Af 


^ r i(( r i,o + r i,i) r po r ip) = VoVi^T 

triir^r^ 5 ) = 2x 4 Al i+2 
tr?((rl 0 + rl 1 )r^t 4 ) = vWiS S 1 i+A 

and tr2(2Sf l+7 ) = x\A^ +2 


*= 77-Si+2 
e H32I+4 
e ^321+6 


£ 7T 


—321+20 


^ T32I+22 
£ —321+28 


(filtration jump 2) 
(filtration jump 4) 
(filtration jump 6) 
(filtration jump 4) 
(filtration jump 6) 
(filtration jump 12, 
the long transfer). 


Let Mdenote the reduced value o/7r fc fc[ 2 ]j meaning the one obtained by removing 
the elements of Proposition \ 13. 4\ Its values are shown in purple in Figure \Tl\ and 
each has at most two summands. For even k one of them contains torsion free 
elements, and we denote it by M k . Its values depend on k mod 32 and are as 
follows, with symbols as in XaWe[2| 


k 

0 

2 

4 

6 

8 

10 

12 

U 

16 

18 

20 

22 

24 

26 

28 

30 

MU 

□ 

□ 

▼ 


a 

□ 

s 

□ 


□ 

o 

B 

0 

a 

□ 

s 

□ 


Proof. We have two tools at our disposal: the periodicity theorem and Theorem 
|4.4[ which relates exotic transfers to differentials. 

shows that M'u has the indicated value for —8 < k < 0 because the 


Figure 


16 


same is true of E 4 ’ k and there is no room for any exotic extensions. On the other 
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hand E®’ k+32 does not have the same value for k = —8, k = —6 and k = —4. This 
comparison via periodicity forces 

• the indicated d 3 and d-j in dimension 24, which together convert □ to \A. 
These were also established in Theorem 114.21 

• the short transfer in dimension 26, which converts □ to □. It also follows 
from the the results of Section [T2I 

• the long transfer in dimension 28, which converts B to B. 

The differential corresponding to the long transfer is 
di 3 ([2u 7 x \) = a a a\u 2 a u\X)\, 
so d 13 (a a [2ul\) = ala\u 2 c,u\X)\ = 2a 7 x [ul a ]ulf>l 


This compares well with the di 3 of Theorem 11.10| namely 

d 13 {a a [ui]) = 


The statements in dimensions 4 and 20 have similar proofs, and we will only 
give the details for the former. It is based on comparing the f/ 4 -term for K \ 2 ] in 
dimensions —28 and 4. They must converge to the same thing by periodicity. From 
the slice .E 4 -term in dimension 4 we see there is a short exact sequence 


0 


▼ 




> kJ 


0 


Z/2 : 


: Z/2 


(14.6) 


o i 


Z/2 


[0 2 ] 


0 — 

while the (—28)-stem gives 

0 -- 





[1 

z 

a ] 

[0 

!]. 




" b ' 
1 


2 


M' a 


-^0 


Z/2 - Z/2 



Z S—®Z/2 © Z_ 



Z - Z 


a } 

[1 


0 



>■ 0 


The commutativity of the second diagram requires that 

a + b = c = 1 and b + d = c + d = 0, 
giving (a, b , c, d) = (0,1,1,1). The diagram for M 4 is that of B in Table [ 2 ] 
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In dimension 20 the short exact sequence of (14.6) is replaced by 
0- 3 o-3- Mn 


-20 


-E- 


0 


and the resulting diagram for M'. n) is that of E. 

Similar arguments can be made in dimensions 6 and 22. 


□ 


We could prove a similar statement about exotic restrictions hitting the 0-line 
in the third quadrant in dimensions congruent to 0, 4, 6 , 14, 16, 20 (where there is 
an exotic transfer) and 22. The problem is naming the elements involved. 


Table 4. Infinite Mackey functors in the reduced A^-term for 
K[ 2 ]. In each even degree there is an infinite Mackey functor on 
the 0 -line that is related to a summand of i n the manor 

indicated. The rows in each diagram are short or 4-term exact 
sequences with the summand appearing in both rows. 


Dimension 

mod 32 

Third quadrant 

First quadrant 

Dimension 
mod 32 

Third quadrant 

First quadrant 

0 

a —3- □ — 3 =- 0 

II 

0 - 3 - □ □ 

16 

a — 3- h —3- ▼ 

11 dj 

B ^ ^ • 

2 , 10 

□ - 3 - □ - 3 - 0 

• - 3 - □ - 3 - □ 

18, 26 

□ - 3 - □ - 3 - 0 

• - 3 - □ - 3 0 

4 

E- 3 - E- 3 » 

▼ -3- B - 3-B 

20 

E- 3 - B - 30 

0- ^B -3 B 

6 

dj 

• —>- n —>■ a —3- • 

1 

□-3- 21 -3 A 

22 

n —3- 0 —s- • 

11 

0 —3 0 —3 □ 

8 

a —33—3- 0 

11 d ^ ,dj 

a —3 □ —3 0 

24 

a—^a— >- 0 

11 d 5 ,d 7 

a — 3 □ —3 0 

12 

di3 • — 

• -3-H -3-E 

0 -3-E -3-B 

28 

B -3- B-3-0 

•-3-B-3-B 

14 

dj 

t —— 5 - □ 

0 — 

30 

□ -3- □ -3- 0 

0 — 


In Table [4] we show short or 4-term exact sequences in the 16 even dimensional 
congruence classes. In each case the value of M ' h is the symbol appearing in both 
rows of the diagram. For even k with 0 < k < 32, we typically have short exact 
sequences 

0-s- iJ °’ fc_32 -s- M \, -s- quotient- 3 - 0 

0->- subgroup- 3 - M \. - 3 - E^’ k - 3 - 0, 
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where the quotient or subgroup is finite and may be spread over several filtra- 
tions. This happens for the quotient in dimensions —32, —16 and —12, and for the 
subgroup in dimensions 6 and 22. 

This is the situation in dimensions where no differential hits [originates on] the 
0-line in the third [first] quadrant. When such a differential occurs, we may need a 
4-term sequence, such as the one in dimension -22. 

In dimensions 8 and 24 there is more than one such differential, the targets being 
a quotient and subgroup of the Mackey functor o = n/a. 

In dimension —18 we h ave a dj hitting the 0-line. 
in Figure 


o C E i 


-7,-24 


-7,-24 


16 


Its generator supports a ds 


Its source is written as 
leaving a copy of ▼ in 


—7 

There is no case in which we have such differentials in both the first and third 
quadrants. 

Corollary 14.7. The E^-term of the slice SS for E[ 2 ]. The surviving elements 
in the spectral sequence for K^\ are shown in Figure 11 
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Figure 16. The reduced E^-term of the slice SS for the periodic spectrum K^\ ■ Differentials are shown in red. Exotic 
transfers and restrictions are shown in solid blue and dashed green vertical lines respectively. The Mackey functor 


symbols are indicated in the table below Figure 17 
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Figure 17. The reduced E_ u = F^-term of the slice SS for Kw\. The exotic Mackey functor extensions lead to 
the Mackey functors shown in violet in the second and fourth quadrants. The Mackey functor symbols are indicated 
below. 
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